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Streszczenie

W ponizszej pracy rozwazam fizyczne uktady, w ktérych pole grawitacyjne od-
dzialuje z materia réznego typu. Takie uktady sa w Ogolnej Teorii Wzglednosci
opisywane réwnaniami Einsteina z materia. W pracy skupiam sie na metodach
perturbacyjnych, ktére sg jednym ze sposobéw radzenia sobie z duzym stopniem
skomplikowania tych réwnan. W pierwszej czesci pracy prezentuje wyprowadzenie
rownan ,master” dla liniowych zaburzen uktadéw grawitacyjnych oddziatujacych
z polem Maxwella i polem skalarnym w dowolnej liczbie wymiaréw. Ten wynik
jest owocem wspolpracy z A. Jansenem oraz A. Rostworowskim. W drugiej cze-
$ci pracy prezentuje wyprowadzenie réwnania ,,master” dla nieliniowych zaburzen
czasoprzestrzeni Reissnera—Nordstroma. W trzeciej czesci pracy, uzywajac nieli-
niowych metod perturbacyjnych, pokazuje, ze pomimo obiecujacych przestanek,
regularne rotujace grawastary nie sa dobrymi kandydatami na Zr6dto materialne
dla rozwigzania Kerra. Ostatnia praca jest owocem wspotpracy z A. Rostworow-
skim.

Abstract

In this thesis I consider gravitational systems interacting with various types
of matter. Such systems are described by the non—vacuum Einstein equations. I
focus on perturbative methods, which are one of the ways to handle the complex-
ity of these equations. Firstly, I present the derivation of the master equations
for the linear perturbations of the Einstein—-Maxwell-scalar systems in arbitrary
dimensions. This result is an effect of the joint work with A. Jansen and A.
Rostworowski. Secondly, I present the derivation of the master equations for the
nonlinear perturbations of the Reissner—Nordstréom spacetime. Finally, using non-
linear perturbation methods I show that the regular rotating gravastars are not
good candidates for the source of the Kerr metric, although they seemed to be a
promising candidates for this role. The last results is an effect of the joint work
with A. Rostworowski.






1 Introduction

1.1 Preface

This thesis is based on three publications [I} 2, B3] that I am an author or a co—author
of. Tt consists of two parts: the goal of the first part (Sections is to describe what
articles [1. 2, 3] contain, to specify my contribution, describe the methods that were
used and discuss the results. Thus, the first part of the thesis does not contain any
new results, it is rather a guide on the aforementioned articles. The second part of the
thesis contains articles [II, 2 B]. Articles are not discusses in the chronological order
(|2] appeared earlier that [I]), because [2] and [3] are closely related to each other and
it is logical to present them one after another.

The first part is organised as follows: in Section [I] I provide a short introduction
which summarises useful concepts from the theory of gravitational perturbations, in
Sections , , I discuss papers [1}, 2, 3] and in Section I summarize the thesis.

1.2 A note on the notation

Three papers [1} 2, B] are closely related to each other both by the topic (perturbations
of Einstein equations with matter) and by the mathematical apparatus. However, the
perturbation theory of Einstein equations is a huge field, and these papers fall into three
slightly distinct categories. The first paper [I] provides a formalism for dealing with
linear perturbations in Einstein-Maxwell-scalar systems and it is mostly useful for the
AdS/CFT community. The second paper [2] provides a formalism for nonlinear per-
turbations of Reissner—Nordstrom black holes and fits into the field of theoretical work
on nonlinear perturbations in GR. It’s conventions and notations are the same as in a
paper by Rostworowski [4], since it is a generalisation of his scheme. The third paper
[3] is about slowly rotating gravastars and fits into the field of slowly rotating stars in
General Relativity, which is mostly based on Hartle formalism [5]. However, since it
exploits works [4] and [6], it borrows notation and conventions from them. Unfortu-
nately, people from different communities often use different nomenclature, conventions
and notation. What’s more, I was also introducing some changes between the papers,
which was usually caused by finding the new notation or convention advantageous (eg.
in [2] I was using angle 6 as one of the variables on the sphere, but later I learned
that it’s simpler and more efficient to use u = cos(f) instead). These factors led to the
differences in the notation and conventions between the papers. Throughout the text
I will emphasise every discrepancy in notation and I hope that this inconvenience will
not become confusing for the reader.

1.3 Perturbation Einstein Equations

General Relativity (GR), introduced more than a hundred years ago by Albert Einstein
[7], is a classical theory o gravity. It can describe both vacuum systems, such as black
holes or empty space outside the astrophysical objects and systems with matter such
as stars, clouds of dust, accretion discs, the universe as a whole and more. Firstly even
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Einstein himself did not believe in a possibility of finding nontrivial analytical solutions
to his equations, but luckily he was wrong. Now we know a number of exact solutions
to Einstein equations [§], out of which the most important for astrophysics and cosmol-
ogy are the Schwarzschild [9] and Kerr [10] black holes and the cosmological solutions
[111, 12, 13], 14], 15, 16]. However, due to an immense complexity of Einstein equations,
all the exact solutions admit some symmetries to simplify the equations. Seeking for the
exact solutions with little constraints on the symmetry of a system is usually doomed
to failure. There are two main ways of dealing with this problem: one is to use com-
puters to solve the equations for us. Due to a huge progress in computer efficiency
and in numerical methods, simulations of colliding compact objects [17, I8, 19, 20],
relativistic discs [21], 22], large scale inhomogeneous universe [23] and more are now
possible. Numerical simulations, however, are not a cure for all the problems in GR.
The second alternative to searching for the exact solutions are the perturbative meth-
ods. These methods base on the Taylor expansion of the metric tensor into series in
some parameter. One of the very important outcomes of the perturbative methods is
the Post—Newtonian (PN) formalism, which bases on the expansion of the metric into
series in % [24, 25]. This formalism is an important link in the process of obtaining
gravitational wave signal templates - within it’s range of applicability it is faster and
easier to use than the numerical evolution of unperturbed Einstein equations. PN for-
malism, however, is applicable to the weak—field problems (i.e. metrics not too far from
the Minkowski space). The methods I describe in this manuscript are useful to the
different situations, namely to systems which are approximately (in zeroth perturba-
tion order) a nontrivial solution to Einstein equations. As an illustrative example, we
can take a slowly rotating, but massive Kerr black hole - it can be approximated by a
Schwarzschild solution and some perturbation associated with the rotation, but it can-
not be regarded as a perturbation of the Minkowski spacetime (at least close to a black
hole). These methods find application in many branches of GR - stability analysis,
rotating stars, cosmological structure formation, accretion discs, self force, AdS/CFT
correspondence and more. Now I will introduce basic notions of the perturbation theory
in GR.

Let’s consider a metric g on a d-dimensional manifold M. Einstein Equations are
a set of differential equations for the components of g and functions of the matter
components:

1 &G

5 1w + M = =T (1)

R, —
where R, and R = R", denote Ricci tensor and Ricci scalar of the metric g, respectively,
A denotes the cosmological constant, T}, denotes the energy-momentum tensor and G
and ¢ denote the Newton’s gravitational constant and the speed of light. We can
organise Ricci tensor and Ricci scalar into the Einstein tensor G, = Ry, — %ng,.
The interpretation of the A term in Einstein equations is ambiguous - it can be either
regarded as a geometrical feature of the universe, or as an existence of the constant—
density perfect fluid with an equation of state p + p = 0, where p and p stand for
pressure and density, respectively. In the section about the rotating gravastars [, we
consider such a system. From now on we use geometric units, namely we set G = ¢ = 1.
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The main difficulty in solving is the high nonlinearity of equations. Approximate
methods are a way to get rid of these nonlinearities, but for a prize of the infinitely
many equations to solve. To see this, let’s assume that we already know a solution to
and let’s denote it with § and ©, where © are some matter fields, which we do not
specify for now. We will refer to g and © as to the background or zeroth order solution
and all the quantities with bar, such as Ricci tensor RW or Ricci scalar R will refer
to the background solution. Now let’s expand g and ©, which are a new, unknown
solution to Einstein equations into Taylor series around the background:

Guv = guu + Z (i)h/wei ) (2)
=1
0=06+) b, (3)
=1

where ¥h,,, and U9 are metric and matter perturbations of order i and e is a perturba-
tion parameter - a quantity according to which the expansion is performed. Please note
that there is no usual i! term in the denominators of ,. Unfortunately, different
authors use different conventions and, what’s even more unfortunate, my papers are
also not consistent in this convention: [2] does not include and [3] does include ! in
the denominator. This is due to the fact, that the former is partially based on paper
[4] and for the easy comparison of the formulas we follow it’s conventions, whereas
the latter uses extensively the general gauge transformations formalism from [6], whose
conventions we follow. Fortunately, [I| contains only linear analysis and does not suffer
from this confusion.

Metric g and matter fields © are now expressed by an infinite sum of it’s perturba-
tions Wh, 9. We plug these expansions into Einstein equations and we obtain a system
which looks in the following way:

GG+ Dhe+..) + Mg + Vhye+..) = 87T, (5 + Vhe + ..., 0 + Ve + ).
(4)

We can collect terms in according to the powers of €, and rewrite Einstein equations
as an infinite system of differential equations for (i)hW and 9 that from now on we call
perturbation Einstein equations. One can notice that in every perturbation order (by
order we mean a power of ¢), Einstein equations follow the same universal pattern:

5G(Dh) 0 + Ak, — 870, = @5, (5)

Perturbation of Einstein tensor dG is defined as:

1, . o 1.
O0G(M)pw = Ar()w = 5 (9 PAL()ap + h Rap) — o B (6)

where Ay denotes the so—called Lichnerowicz operator: AL(h)y = %(—vo‘vahw —
V.V, he, = 2Ru0,5h" + ¥V, N, + V,Vh,,) [, 26, 27, 28]. By (i)t,“, we denote a
perturbation of the energy—momentum tensor. It’s explicit form depends on the matter
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we consider. Please note that in [2] the energy—momentum tensor is traceless, therefore
Ricci scalar is zero and equations simplify. The source terms (i)SW consist of all lower
order quantities that give rise to €' and their construction is a purely algebraical task.
Let’s assume that we already know a solution up to order i:

g =g+ Z (j)h,uu s (7)
6=06+3"0y. (8)

Source for Einstein equations of order ¢ 4 1 is given by
D8 = [+ 1] (=G (9) + 87T0(5,6)) . (9)

where [k] (f) denotes the kth order expansion of f in e. In the first order, there are
no source terms and the system is homogeneous. If Einstein equations are supported
by other equations (such as Maxwell equations), one has to construct sources for these
additional equations as well.

What we have achieved so far, is changing the system of nonlinear equations
into the system of infinitely many, but linear equations (5)). This linearity simplifies
calculations and is a great advantage of perturbation scheme. Of course, equations have
to be solved order by order, because for the construction of the sources at a given order,
we need to know all the lower—order solutions.

1.4 Polar expansion

From now on we assume that the background metric is static and has a maximally
symmetric patch of the dimension n = d — 2. It is well known that in 4 dimensions,
perturbation Einstein equations for perturbations of static and spherically symmetric
systems split into two sectors: axial and polar (in contrary to the cosmological pertur-
bations, where the maximally symmetric patch is 3-dimensional and the third sector
appears). Unfortunately the literature is not consistent on the names of the sectors (see
Table 1 in [I]). In [2] and [3] we stick to azial and polar names, but in [1] we use vector
and scalar instead. In the dimensions higher than 4 an additional sector appears and
its usual name is tensor.

Axial perturbations of the Schwarzschild black hole were firstly treated in a classic
paper by Regge and Wheeler [29] in which authors derived a master wave equation for
the axial perturbations. The solution to master wave equation is sufficient to recover
the solution to perturbation Einstein equations in a given sector and at a given order.
Polar perturbations, due to the higher complexity, were waiting for their turn for more
than 10 years and finally Zerilli [30] provided an analogue of the Regge—Wheeler master
equation for the polar perturbations.

In papers [1I, 2, 3] the background is assumed to be, respectively, a static black hole
with a maximally symmetric horizon, Reissner-Nordstrom spacetime and the de Sitter
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spacetime. Let me remind how to split metric and other tensors (e.g. field—strength
tensor) into certain sectors in 4 dimensions. For that we will consider symmetric and
antisymmetric tensors separately. We base this part on papers [31], 32, B3] and on the
Appendix A of [1].

When the background metric is static and spherically symmetric, we expect Einstein
equations to decouple into (¢,7) and (6, ¢) parts. What’s more, the perturbations split
into three parts that transform differently under rotations. For a tensor 7" we can make
the following division (see Eq. (11) in [32]):

S S \Y
S S \Y

T — , (10)
Vi |V T

where S transforms as a scalar, V' transforms as a vector and 7' transforms as a tensor.
We can now ask what scalars, vectors and tensors build those blocks? They should all
be built of spherical harmonics Y}, (where [ = 0,1,... and m = 0,1, ...,1), since they
are the eigenfunctions of a laplacian on a sphere. Therefore the scalar S = Y}, builds
the scalar part of the tensor. The accessible vectors we can build out of Y}, are:

Val = Dayima (11)
V2 = D", (12)

where D, denotes a covariant derivative compatible with a metric on a two sphere v,
and €4, is the Levi-Civita tensor. The accessible symmetric tensors are:

Ty = DaDyYim (13)

TaQb = Yim'yaba (]_4)
1 1

T(?b = 5 (EngDc}/lm + EEDaDcY;m> - 5 (Da‘/bZ + DbVaQ) . (15)

The accessible antisymmetric tensors are:

Ta4b = )/lmeab; (16)
1 1

Tc?b = 5 (GZDbDC}/}m - egDaDc}/zn’J = 5 (Da‘/bz — DbVGQ) . (17)

Other antisymmetric tensors we could construct are either zero or proportional to 7.
Now the perturbation tensors are built out of the quantities listed above multiplied by
unknown functions of ¢ and r and put into the full metric in proper places according
to . The key observation for the decoupling is that the objects we constructed
behave differently under reflections: Yj,, gains multiplication factor (—1)! under the
space inversion (0, ) — (m — 0,7 — ¢). Acting with a derivative on Y}, or multiplying
it by the metric v,, does not change this behaviour, but multiplying Y}, by €., changes
the multiplication factor to (—1)!*!. The sector transforming with (—1)* is called the
polar sector and the sector transforming with (—1)*! is called the axial sector. Since
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Einstein equations do not contain multiplication by €,,, they preserve the parity of
the perturbations and also split into two sectors. This allows to consider equations
for both sectors separately. This can be also regarded as the helicity decomposition -
perturbations in the polar sector have helicity A = 0 and in axial sector helicity A = 1.
To sum up, for the symmetric tensor we have 7 polar (3 scalars S, 2 vectors V! and 1
tensor 7" and 1 tensor T?) and 3 axial components (2 vectors V2 and 1 tensor 7°) and
for the antisymmetric tensor we have 3 polar (1 scalar S and 2 vectors V') and 3 axial
components (2 vectors V2 and 1 tensor T?). The explicit form of the polar expansion of
the perturbations is provided in Eq. (15)-(24) of [2]. This expansion can be generalised
to higher dimensions, where for d > 4 there appears another sector (see e.g. Appendix
A in [I], where we follow Mukohyama [33]).
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2 Master equations and stability of Einstein-Maxwell-
scalar black holes

The classic papers [27, 28] by Kodama and Ishibashi provided the formalism to treat
linear perturbations of Schwarzschild and Reissner—Nordstrom spacetimes in full gen-
erality (arbitrary dimension and topology of the horizon). In their approach, by clever
transformations and combinations of linearized Einstein equations, they obtained the
master scalar equations governing the system. This approach, however, becomes trou-
blesome as the equations become more complex. For example, the general master
equations for the Einstein-Maxwell-scalar systems were not known. Our article [1] fills
this gap by utilising the “ansatz” approach used for the nonlinear perturbations by [4].
As a result, we obtain master scalar equations for the Einstein—-Maxwell-scalar systems
in n + 2 dimensions, where n is the dimension of the maximally symmetric patch of the
background spacetime (e.g. 2-dimensional sphere in the Schwarzschild case).

The paper [I] has been written by three authors: A. Jansen, A. Rostworowski and
myself and we have different contributions to the different parts of the paper:

e The main result (master equations for the general system) is an effect of collabo-
ration and teamwork between authors. However, the final version of the equations
that includes a generalisation to the arbitrary dimension and topology was ob-
tained by A. Jansen and he is the main contributor to this outcome.

e Treatment of the special cases and coordinate transformations (Appendices B and
D): this part was done by myself apart from the planar case, which was done by
A. Jansen.

e Applications of the derived formulas to stability and calculating quasinormal
modes (Section 4, Appendix E): this part was done by A. Jansen.

e Comparison between our results and the results by Kovtun and Starinets (Ap-
pendix E): this part was done by A. Rostworowski.

Below I describe only the parts that I contributed to.

2.1 Linear perturbations of Einstein—-Maxwell-scalar equations

Let’s consider the Einstein—-Maxwell-scalar system defined by the action:

s= [y (R ~ 20— n(00)? - L Z(0)F? - v<¢>) , (18)

where by R is the Ricci scalar, A is the cosmological constant, 7 is an arbitrary constant,
¢ is the scalar field, Z(¢) is the arbitrary function of ¢ describing the coupling between
the scalar and electromagnetic field, F? = F,,F* | where F},, is the field-strength
tensor of the electromagnetic field, and V(¢) is an arbitrary potential of the scalar
field. In the equations, instead of F', we use the electromagnetic potential A, where

F = dA.
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As a background metric, we take a static n + 2 dimensional metric with the n-
dimensional maximally symmetric spatial patch. We work with Fefferman-Graham
(FG) coordinates, which reduce to Schwarzschild coordinates in 4 dimensions: (¢, 7, x1, ..., ).
Solution to the background Einstein—-Maxwell-scalar equations with the aforementioned
symmetry assumptions can be most generally written as:

2
ds* = —f(r)dt* + 3({)) dr? + S(T)QdX(Qn K) s (19)
” :

A =a(r)dt, (20)
¢=9¢(r), (21)

where:

do? + ... +dz?  for K =0 (planar case),

dX(Qn’K) = dQy) for K =1 (spherical case), (22)

dH for K = —1 (hyperbolic case) .

2.2 Main results

We consider linear perturbations of the metric dg,,, the electromagnetic potential 6 A,
and the scalar field d¢. We introduce auxiliary names for some coordinates for a clearer
notation: r1 =z, o =y, T, = 2.

We choose the following form of the perturbations:

htt 1/2ht7« htx O O htz
1/2htr hrr hrz 0 0 hrz
. hew  hew 0 o 0 hy,
Sgm — | O 0 0 hy 0 0 hyl
: : : 0 0 0 (23)
0 0 0 0 O 0
htz h"rz hwz hyz O 0 hzz
5A;L_(ata Ay, Qg, 07 ) 07 (lz),
0p =,
where
1
hee = — (hy — (n = D)k*h_)
1 (24)
1 2
hyy:...:huzﬁ(erk h,) )

All variables depend on ¢, r and x only. It turns out that such a choice is sufficient to
solve the most general case. In particular: for the perturbations of the Schwarzschild
black hole, the angular part of the solution can be decomposed into spherical harmonics
Y... However, equations for the ¢ — r part of the perturbations are the same for every
m, therefore it is sufficient to assume the axial symmetry (m = 0) for the derivation
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of the master equations. What’s more, the perturbations h;,, hrq, hze and a, where
a = T,...,x,_1 follow the same equations as A, h,., h,, and a,. Also hag, o, =
Zg,...,Tn—1 and a # B follow the same equation as h,,. Therefore, we put hia, hra, Pza,
ao and hgp to zero.

After expanding perturbations into eigenstates of the laplacian of the maximally
symmetric patch, the dependence of the perturbations on x can be decoupled and all
the variables depend on ¢t and r only. Then perturbations split into three sec-
tors, which are not mixed by the homogeneous part of perturbation Einstein equations.
Perturbations hy, hip, Bpry Bps, ag, a,, @ belong to the scalar sector (helicity 0), pertur-
bations h¢,, by, h,. and a, belong to the vector sector (helicity 1) and h,, belongs to
the tensor sector (helicity 2). For the details of the decomposition see Table 1 in [1].

The very important step of the whole calculation is dealing with the gauge trans-
formations. We have two types of gauge transformations: coordinate gauge transfor-
mations generated by a gauge vector {,(t,r) and gauge transformation of the electro-
magnetic field A(¢, 7). The perturbations transform with gauge transformations as:

6g;w — 59uu - ?ugu - vufua
§A, = 6A, + VA=V, A, — ANV & (25)
06 — 66 — "V

Now we have two options: we can either use the gauge freedom to choose a spe-
cific gauge or we can build gauge invariants out of perturbations . We choose
the latter and we introduce gauge invariant quantities b,,, a, and ¢ (see Eq. 3.4
in [1]). It turns out that we can construct 11 independent gauge invariant variables:
Btt, Bers Brrs Bras G, ar, @ in the scalar sector, by, b,., a. in the vector sector and b,
in the tensor sector. These are so—called Detweiler gauge invariants [34]. Their con-
struction, on example of the scalar sector is the following: we take variables hy, hy,,
Ners Bpe, ag, ar, @ and add to them linear combinations of the rest of variables and their
derivatives: h_, hy, hy,. The coefficients of the linear combinations are chosen in such
a way that the gauge dependence of the whole expression vanishes. We do the same for
the vector and tensor sector obtaining:

Tensor sector:

byz = hyz ) (26)

Vector sector:

htz = htz - athxz ) (27)
S/

brz = hfrz - arhxz + 2§hxz ) (28)

a =a,, (29)
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Scalar sector:

!
bre = hue = 20;hus + O + ’; sgg e + R, (30)
! ! 2
bt'r = ht'r - Qarhtm + atarh— + 27ht1‘ - ffath— fCSS/at(h—i- + th ) (31)
Hrr =N ¢ a(h +Kk*h_) + C—Q(Sf’+2f5*’)— ¢ ¢ | (hy +K*h_)
rr — rr fS/ + - 2nf252S/ anfs,Q + -/
(32)

Be = h ~Lom +§/h —L(h +k*h_) (33)

re — lrx 2r— g~ QfSS/ + -/

a; = ap — (9tax — on SS’ <h+ + kZh ) (34)

CL
a, = a, — @ax + ﬁﬁth, - 7ht$ y (35)
_ ¢’ 2
p=¢—gog(he +kh). (36)

The next three assumptions are the clue of our approach:

1. We assume that in each sector there exist master scalar variables. In the scalar
sector, we have all kinds of fields: gravitational, electromagnetic and scalar, there-
fore we assume the ex1stence of 3 master scalar functions: @go) , (ID ) and CID(O) The
upper index A in " stands for the helicity and the lower index s stands for the
spin (s = 2 - gravity, s = 1 - Maxwell field, s = 0 - scalar field). In the vector
sector, we don t have a scalar field, therefore we assume the existence of 2 mas-
ter scalars: <I> ) and <I> . In the tensor sector we have only gravitational field,
therefore we assume to have only one master scalar @éQ).

2. We assume that these master scalars fulfil systems of wave equations coupled
within each sector by a symmetric potential matrix Ws(@ which depend on r only:

oo —w el =o, (37)
where we sum over s’ index. For the scalar sector potential matrix has size 3x3,
for the vector sector it has size 2x2 and for the tensor sector it is just one function.

3. We assume that the gauge invariant variables b,,, a, and ¢ are the linear com-
binations of master scalar functions from their sector and their derivatives. The
coefficients of these combination are functions of r only.

After plugging such an ansatz into linearised Einstein equations we are left with a sys-
tem of equations for the coefficients of the linear combinations from the assumption [3|
To be able to solve such a system, we use the assumption [2] to substitute second time
derivatives of the master scalar functions, what makes potentials appear in the equa-
tions. It turns out that solving such a system of equations is almost purely algebraical
task with only a few very simple ordinary differential equations to solve. As a result
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we obtain the expressions for gauge invariants and potentials WS(Z,) . Expressions for the
gauge invariants are too lengthy to write them down here and they can be found in [I]
(equations (3.5), (3.7) and (C.1)-(C.5)). Altough the equations for the potentials are
also quite obscure, we provide them below for an easier discussion. Potentials in the
scalar sector read:

wg%(r) = k—Q + id (C%Q "(FP+4C'K? (K — (n— 1)K)) +

’D2<‘2
1
4n¢?

2nFDg (Sf’—i—(n—2)fS’)> — (V’—Qa'zZ’z/Z) ,

0) o ]{72 ZCL/2
==+
52 D2

<n25’2.7: (Sf'—2(n—1)fS") +2fn*S*Za"*S"+

AfC (nS? ((2n = 3)k* — n(n — 1K) + k*nS*¢”) + 4(4/#) +

L( 2y Jn- V8¢, JZ27N | iS5 Z9a”
8n¢? 28 2(? D2
(n—1)(nf'S" — fnS¢?) L3 724
¢*nsS 4272
K n-1
(O) = ! ! /
Warlr) =g + gmpe (4”2 (K = nK) f$%a228"? = SnC*k* K + 8¢ f S22 (k? — nkK) +

2n*SPF (Sf (2K —nK) + 215" ((n — 2)k* — n(n — 1)K)) +
8¢ (nS' (fS" (k* = n(n — 2)K’K + n*(n — 1)K?) — k4Sf’))> ,

B kv Zd
V2D2(\ /1)
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ﬁmeV+DZ

DS f&27' 17
5, T2 Sfe=Z'|Z+

Anfé' (P —n(n —1)S”F —2¢*S" (1 — 2n)k* + n(n — 1)K))> ,

W (r) = kvV/k?2 = \/_v\/_SDQ <A+DSV+4nf¢ (P +2¢°nS" (K (n—1)K))>,
/—\/_\/—\/_a
(\/nSD?

4f¢* (nS” (K*(n —2) — K(n — 1)n) + k*nS%¢"*) + D fn55’¢ Z +4¢ k:4>

W (0) ( ) = <2fn2SQZa’2S’2 +n?Sf'SP?F+

(38)
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where

(r)
F(r)y=2fS" - Sf,
D(r) = 2¢*k* — nS'F, (39)
P(r) = (n5?¢” —nS"?) F,
A(r) = dnnfS'S*Za"*¢' .

For the clear presentation, primes denote derivatives with respect to r when they act
on functions of r, and they denote functional derivatives with respect to ¢ when they
act on functionals of ¢: V|, Z or V.

Potentials in the vector sector read:

W= B _ 18 K fS?\  Za®  fne® 1 Z'
171(7“) =3 — C2S + (n — 2) (Sz C2S2) C2 nCQ 877C2 A
77 [P 2[S9 [P

22 A Z S 2027

T

) (40)
W) — —mg‘l |
kQ f/S/ fS/2 K f¢/2

(1) _

WQ,Q(T) - ﬁ_n <<—25 - C2S2 +§) +n CQ )
and in the tensor sector:

2 k?

W () = ok (41)

As we put the background matter fields to zero, interaction potentials vanish and
all the equations decouple. What’s more, when vk2 — nK = 0, wave equations also
decouple, but expressions for the gauge invariants blow up. Due to this behaviour,
these cases require special treatment.

2.3 Special cases

Let’s consider special cases vk* —nK = 0. In our work [I] I was responsible for the
spherical case K = 1 (k* = n), what translates into £ = 0 or £ = 1 case, where ¢
corresponds to the index of the scalar function Y;,,. The planar case was studied by A.
Jansen and I refer to the paper [I], section B.3 to read about this case.

231 (=0

For ¢ = 0 vector and tensor sectors do not appear and we consider the scalar sector
only. In this case there are no hy, h.,, h_ and a, variables and there is no &, gauge
component. Because of that, the gauge invariants used earlier are not gauge invariant
anymore. Instead, we use &, &, and A to set hy., hy and a; to zero and we are left with
hit, hyr, a., @ only. It turns out that we can fulfil Einstein equations by introducing
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just one master scalar variable @éo). However, in this case the wave equation for @éo) is

inhomogeneous:

(@22 = 2¢°V") | o (Sf+ f(n = 1)) ¢ cong”
4]?07871—15/ fCSnS/ CnSn_QS’Q ’
(42)

e wel) = ©

where ¢q is an arbitrary constant corresponding to a static perturbation of the back-
ground spacetime, such as the shift in mass for the Reissner-Nordstrom black hole. The
other variables are given by:

o =B
S n 242775¢/q)(0)
f2Sn-18 fns'’ 0 >
2V _ 7l 12 PV 2Q2 473 _ !
10, (@) _ (S(2C V= Z'd” —4nf'¢)) L 2SR 2(n—1)nf¢ ) O

hT’T

f 2nS’ n2Sr n
_2/m5¢ 5 po n co¢ (fnS*¢? —nSf'S" — fn(n —1)S")
ns 70 fnSnS” ’
dhy 1, (nZ" nS¢ ) coCa’
=t i () o - g

(43)

To sum up, the only dynamical degree of freedom for ¢ = 0 is the scalar field.

232 (=1

For ¢ = 1 the tensor sector does not appear. In the vector sector we don’t have h,, and
the gauge invariants h;, and h,, are not gauge invariant anymore. We choose a gauge
vector component &, to set h,, = 0. The only two variables left are h;, and a,. It turns
out, that Einstein equations for them can be fulfilled by introducing one master scalar
variable CI)gl) fulfilling an inhomogeneous wave equation:

VZad
1<Sn+1 )

Do) —wilel) =¢ (44)

where c; is an arbitrary constant corresponding to the angular momentum of the Kerr—
Newman spacetime.

In the scalar sector we treat ¢ = 1 case in a slightly different way than in the ¢ =0
case. Now we don’t have h_ variable and gauge invariants used earlier, again, are not
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gauge invariant anymore and in this case they transform as:

b — by + Lé} + 282525,@ )

SS’
2(Sf'S" + (2
ber — ber + 20,08, — %&fﬂ:a
¢ (515 4257 - U
B0 — By + n e - 2 e
rr rr fQSQS/Q z fSS/ ST
(25’2 - %) (45)
hmt — hrz + T&r - argx )
ag — 0y — nga
a, — a, + %6@; ,
¢/

W

What’s more, we do not have Einstein equations corresponding to the index, but
following Kodama and Ishibashi [28] we can keep the “-” equation as a gauge condition
together with h, = 0 and b, = 0. It means that we can use the solution which is valid
for ¢ > 1 directly to the case £ = 1 and still have Einstein equations fulfilled. However,
some parts of this solution turn out to be a pure gauge for £ = 1. By a proper choice of
the gauge component £, = —52<I>éo) we can completely rule out the dependence of the
metric and matter perturbations on the gravitational master scalar. Therefore there
are two dynamical degrees of freedom for ¢ = 1 in the scalar sector - electromagnetic
and scalar.

2.4 Transformations
2.4.1 Regge—Wheeler gauge invariants

So far, we have used the Detweiler gauge—invariants. The other popular choice are the
Regge-Wheeler gague invariants, which differ in the scalar sector. Below we provide
how to translate one to onother.

We remind how the Detweiler gauge invariants are built: we choose certain pertur-
bations (for the scalar sector these are hy, hiyr, hpry Row, @i, ar, @) and add to them
linear combinations of the rest of variables and their derivatives (in the scalar sector
these are h_, hy, hy), so that the whole expressions do not depend on gauge. The
Regge—Wheeler gauge invariants are constructed similarly, but instead of h,.., we build
a gauge invariant on h, and we use h,, in linear combinations to eliminate the gauge
dependence. It’s important to understand the difference between Detweiler and Regge—
Wheeler gauge invariants and Detweiler and the Regge-Wheeler gauge. When we speak
about a specific gauge, we mean using the gauge freedom to put h_, hy, hy, to zero in
the Detweiler gauge and h_, h,,., hy; to zero in the Regge-Wheeler gauge.
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We can notice that in the Detweiler gauge variables hy, hiy, by, Bysy ag, @, p corre-
spond exactly to the Detweiler gauge invariants by, by, brry brzy @i, 6, @ (analogously
for the Regge-Wheeler case). Therefore, to compare the Regge-Wheeler and Detweiler
gauge invariants it is sufficient to find the transformation between the Detweiler gauge
and Regge-Wheeler gauge. It turns out that such a transformation corresponds to a
gauge transformation given by a gauge vector ¢, = (0,22 ,0,..,0). Finally, we obtain

the relations between the Detweiler and RW gauge invariants:

fr
hﬁw :f)t[t) + th ;
ﬁW :thr — 20, D

T

ZW=Z+@9—£)Z—%m&

¢ f
—2nfSS’

RW D

+ :T ra (46)
!/

™ o — T5o0

o e,

R p [ »p

@™ = _F ra

We could obtain the same result by constructing the Regge—Wheeler gauge invariants
from scratch and then searching for the relation to the Detweiler gauge invariants.

2.4.2 Eddingtion—Finkelstein coordinates

The results were derived in FG coordinates, but the wave equations are covariant and
one can use them in any coordinates. Eddington—Finkelstein coordinates are especially
useful, since they are regular on the horizon and they allow for easier computation of
the quasinormal modes (there are only first order time derivatives in wave equations).
Below we provide how the gauge invariants transform with the change of the back-
ground coordinates (gauge invariants are invariant to the transformations generated by
the linear gauge vector ¢ and the gauge function A). The background metric in EF
coordinates reads:

ds® = —f(r)dt* + 2(r)dtdr + S(r)*dX?, (47)
and it can be obtained by a transformation ngF = LZ‘Lf ggg , where L is given by:
1 =% 0
(Ly)y=10 1 o0 |. (48)
0o 0 1,
In the same way we obtain expressions for the transformation of gauge invariants:
EF _ rayBpFG
72 L;LLV af (49)
EF _ ra FG
a,” = Lya,”, (50)
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Additionally, we have to change derivatives: 0; — d;, 9, — 0, + %E)t. As an example,
let’s take a vector sector. The transformation by L matrix reads:

= =bo (51)
b = LS = S, 52
alft = of'¢ (53)

By plugging in explicit form of the gauge invariants (given by Eq. (3.7) in [I]) and
applying transformation of derivatives, we finally obtain:

Ss/q)(l) 5267«(1)(1)
tEZF = nf C 2 + f g 2 _|_ S2at®él)7 (54>
BF = 529, ¢V — nss'al) (55)

S
afF = k2 = nKﬁcbg” . (56)

In the same manner one could obtain EF version of scalar gauge invariants (Eq. (C.1)-

(C.5) in 1)

2.5 Summary

In the paper [I] we generalised the Kodama-Ishibashi results to the Einstein-Maxwell-
scalar case. We also demonstrated the powerfulness of the “ansatz” approach to the
perturbations of Einstein equations. This approach allows to tackle complicated cases,
such as a scalar sector in the Einstein-Maxwel-scalar system, which was not fully
resolved before our paper. The part of our paper which I did not discuss contains
an applications of our equations - in Section 4 of [I] the linear stability of the vector
sector is proven for the general Einstein—scalar theories and for the Gibbons-Maeda—
Garfinkle-Horowitz—Strominger black hole. The possible extension of our model would
be to find sources for the nonlinear wave equations for the higher—order perturbations
of Einstein-Maxwell-scalar system following the scheme by [4].
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3 Nonlinear perturbations of Reissner—Nordstrom black
holes

3.1 Introduction

The aim of paper [2] is to provide a scheme for treating the nonlinear perturbations
of the Reissner—Nordstrom spacetime. It is an extension of the nonlinear perturbation
scheme of the A—vacuum spacetimes [4], or, from a different perspective, it is a generali-
sation of the Zerilli’s work on linear perturbations of the Reissner-Nordstrom spacetime
[35] to the nonlinear orders. In this case, the matter field denoted in the introduction as
© is an electromagnetic field described by a field-strength tensor F,, = V,A, -V, A,
(or F = dA, where A is a vector electromagnetic potential). This is one of the places
where the convention has been changed from paper to paper - in [I] we were using
the vector potential, while in [2] I was using the field-strength tensor only. Einstein-
Maxwell equations in this configuration take the form:

Ry, =87T,,, (57)
V*F,, =0, (58)
VinFu =0, (59)

where square brackets denote antisymmetrization and 7}, = ﬁ (F wa k', — i G Fop FP ) .
In (58) we used the fact that T}, is traceless, therefore R, is traceless as well and the
Ricci scalar is zero. Eq. is the equation of motion for the electromagnetic field and
comes from the fact that F' is an exterior derivative of the vector potenital. As a
background (g, F') we take the Reissner-Nordstrom solution:

— 2M Q2 2 1 2 2
g —(1—T+ﬁ)dt+m+7”d9, (60)
Q

r2

F

dt Adr, (61)

where d2? denotes a metric on a 2-sphere. From now on, we use A(r) =1 — % + ?—22,
to be consistent with a notation from [2]. I also apologise for the misprint in [2], where
in the denominators of F}, and F,; a wrong power of r appeared. I use standard static
coordinates (¢, 7, 6, ), but the results of this paper can be easily transformed in the
same manner as described earlier for the paper [I].

Now I follow a standard procedure. I expand metric and field—strength tensor into
series in parameter €:

Guv = gw/ + Z (i)hw/Ei s (62)
>0

Ful/ = Fuu + Z (i)fuuei ) (63}
>0

and plug them into Einstein equations (58)-(60). Perturbative form of these equations
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can be organised as follows (equations (8)-(14) in [2]):

A (Vn),, — 810, = OSE (64)
@u(i)fwj _ (i)@V — @534, (65)
“fpwn =0, (66)
where
. 1 . . _ . .
Ap(Yh),, = 5=V Vel = ViV OhT, = 2R s 07 + 9 Ohyot+
Y, 0h,), (67)
3 ) n 1 ; n - 1 n o~ n n 1)) NeY
(z)tlw — 2(Z)fa(p,FaV) _ §(Z)fa,8Faﬁg/w + (iFaaF,B T — F,uaFu,8> @p, ,3_|_
1 - i 7 YAl
— ZFZ( My — Do T (68)
We, = g*(F,, Vo1, + F3,6T7,) (69)
s L, = (i = (i = (i
WL = 5 " (=VsDhag + Vo Dhgs + V5 Dhs,) (70)

Since there are additional nonlinear equations for the matter content , there ap-
pears an additional source WS, It’s construction is analogous to the construction
of the gravitational source (")Sfy given by @D Since Einstein equations obey Bianchi
identities and tensor F},, obeys Jacobi identity, sources for the Einstein equations are
not independent and they follow five identities (equations (30)—(34) in [2]).

For the further simplification, we polar—expand all the perturbations (since it’s 3+1
dimensions, there are only two sectors: polar (called scalar in [I]) and axial (called
vector in [I])). However, so far we have been dealing with symmetric tensors only
and now we have the antisymmetric tensor F},,. Polar expansion of the antisymmetric
tensors is straightforward and it was discussed in the introduction. The explicit form of

this expansions was provided e.g. by [30]. For the antisymmetric tensor F),,, its polar
components are Fy,., Fiy and F,y and they expand as:
Ftr(tﬂﬂa 0) = Zthr(t,T)Pg(COSQ) ) (71)
0<t
Fa@(ta T, 9) = Z FéaG(ta r)aGPK(COS 0) ) a = t7 . (72)
1<¢
Axial components of F),, are Fy,, Fp, and Fy, and they expand as:
Fop(t,r,0) = Z Frop(t,r)sin@0yPy(cosb), a=t,r, (73)
1<¢
Fyo(t,r,0) =Y _ Frgy(t, ) sin 0Py(cos ) . (74)
0</¢
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Finally, polar expansion of Einstein equations — yields:

(i)Ezl‘V = AL ((i)h)f,uy o 87T(i)t€/“’ = (l)SKGIJJ/ ) (75)
(i)JZU = v‘u(i)ff,u,y - (i)@fy = (,L)Sl{wy7 (76)
(Z)ff(uy,oa) =0. (77)

3.2 Gauge choice and perturbations

Metric and matter perturbations transform under the gauge transformations. We have
two ways of dealing with this fact: either to choose a certain gauge, or to build gauge—
invariants out of the variables. In this paper, we stick to the first method and we use
the gauge freedom to set hey = herg = he— = 0 in the polar sector and hyg = 0 in the
axial sector. It corresponds to the Regge-Wheeler gauge, which we described earlier
with the discussion of [1].

Let us also write down how “h and @f transform under the gauge transformation
generated by a gauge vector ()C. Please note that to be consistent with [4] we use ¢
instead of £ to denote a gauge vector.

Ohgry —Ohgy + 20,9¢, — ANV, | (78)
Ohisr =g, + 0,0, + 0,76, — %/@cet : (79)
(i)hzw _>(i)h£t0 + at(i)gw + (i)Cft ’ (80)
Ohrr = Ohgyy + 20,900 + %/(i)gfr ; (81)
Dhgrg —Dhgpg + 0,00 — g(i)Qe + O, (82)
Ohgy —Ohy, 424200 Z@T —0(l+1) :f“ (83)
O, —Op, 4@ @97 (84)
9 fug e + 220, (85)

Vforp Vg + g Q L0, (36)
(i)fftr _>(z‘)f€tr + Q0, (ﬁ(i)QJ _ %at Z)<€t7 (87)

29



and in axial sector:

Dhgey —Dhgyy + 3t(i)@¢ 7 (88)

(i)C&;;

(i)hérqﬁ —>(1)hf7"¢ + ar(l)gé¢ -2 r ) 89

(89)
Dhgy —Dhagy + ey - (90)
D fyrs =D fers (91)
O fy s —Ofy (92)
D fy05 =D frgs (93)

3.3 Master scalar equation for ¢ > 2

Now we follow an “ansatz”’ approach proposed by Rostworowski [4] to deal with the
nonlinear perturbations of Schwarzschild and AdS spacetimes. The idea is to use the
experience gained from existing work on linear perturbation equations, in particular
from Regge and Wheeler [29], Zerilli |30, B5], Kodama and Ishibashi [27, 28], and,
similarly to [I], assume that:

1. In each sector there exist master scalar variables corresponding to the fields that
appear in a given sector. In the polar sector we have two master scalars (i)cbf and
@OWP corresponding to the gravitational and electromagnetic field, respectively.
In the axial sector we also have two master scalars V@7 and DU corresponding
to the gravitational and electromagnetic field, respectlvely.

2. We assume that these master scalars fulfil systems of inhomogeneous master wave
equations coupled in each sector by a symmetric potential matrix V' which depend
only on r:

= PJA, DpF/A P/ A (i), P/A &P/ A
r(-0+ Vg, )— + Vi, Oy = 0574, (94)
VP/A z)(I)P/-A _( )517\’4/24’

where the (J symbol denotes d’Alembert operator with respect to the background
and P /A correspond to polar and axial sector.

3. We assume that the scalar sources for the wave equations (i)ggéA are given by the
linear combinations of the sources for the Maxwell-Einstein equations (i)Sg, and

() SM and their derivatives.

4. We assume that the perturbations (i)hgu,/ and @ feu consist of two parts. The first
part are the linear combinations of master scalar functions from the corresponding
sector and their derivatives and the coefficients of these combinations depend on r
only. This part is a general solution of the homogeneous part of Einstein—-Maxwell
equations. The second part are the terms corresponding to the particular solution
of the nonlinear Einstein—-Maxwell equations.
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Such an approach of taking the existence of master equations as an ansatz is much
more efficient than starting with the full form of perturbation Einstein equations and
tediously manipulating them to obtain their simpler form. However, such an ansatz
approach has also a drawback - it does not provide a proof that one finds all the
solutions to Einstein equations.

The linear problem of perturbations of Reissner-Nordstrom spacetime has been
solved by Zerilli [35]. As a result, Zerilli provided four wave equations: two for the scalar
and two for the axial sector, each sector including electromagnetic and gravitational
master scalar equation (Zerilli’s paper contained minor misprints corrected by [36] 37]).
We assumed that the potential matrix is symmetric (so the coupling potential is the
same in both equations) - and it turns out to work. However, Zerilli in his equations
has non—symmetric potential matrix. This discrepancy arises from the fact that any
linear combination of master scalars also fulfils a wave equation with some potentials,
but if we want the matrix to be symmetric, then the choice is unique.

To make assumption 2] more precise, in the polar sector it is sufficient to assume
that the homogeneous part of (i)h,“, is expressed by (i)CDf and it’s derivatives up to the
second order and by WW¥7 without any derivatives and that the homogeneous part of
@f,, is expressed by @7 (WP and their first derivatives. In the axial sector it is
sufficient to assume that the homogeneous part of h, w 18 expressed by OP7 and it’s
first derivatives and that the homogeneous part of @) fuv 1s expressed by OW? only. To
write it explicitly, polar variables are assumed to have the form:

(Z)hg tr — arraf(’)@f -+ atrat&n(i)@f + Ofttatz (Z)(I)f + atﬁt(i)q)f + arﬁr(’)®f+

+ g7 + O, )
(Z)hé rr — 6rraf(l)q)f + 6tratar(i)q)z) + 6ttat2(z)q)f + ﬁtat(l)q)f + Brar(z)q)f—i_
+ 8] + @3, (96)
+ 7 DBT + Oy, (97)
O for = MONT + 10,007 + XW] + O, | (98)
O p = /ft&g(i)\llf + /ﬁT@r(i)\Df + Ko(i)\lff + gy, (99)

and axial variables are assumed to have the form:

Dhyy = 00,907 + 0,0,907 + oD 4 Vg, (100)
(i)hw = Xtat(i)(pz4 + )(rar(i)q)fl + Xo(i)(I)Z4 + (i)Xé ) (101)
@fpp = 6007 + Vs, , (102)

where coefficients near master scalars, which we call homogeneous coefficients, are func-
tions of r. Functions Way, @6, Oy, N, Ok, O, Oy, and @5, which we call in-
homogeneous coefficients, are particular solutions to nonlinear perturbation Einstein
equations (they are built out of the tensor and vector sources).

We didn’t expand Ok g, Ofyrr, Ofpy, and Of,,.,, because Einstein-Maxwell equa-
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tions provide simple algebraic relations for them:

Dhgy = 4ADS, _ 4+ A2Ony,,. (103)
Ofyir = 0- D19 — 0D forg (104)
i 0, (i)ffe

Dfprp = _ezﬁ i 1“; , (105)
. 0,0f,

(3) _ L0p 1

The next step is to plug ansatz of the form - to Einstein equations. Firstly,
we consider a homogeneous part of the equations only. In the homogeneous part, there
are homogeneous coefficients multiplied by master scalars and their derivatives. If we
use the wave equations (e.g. substitute the second order time derivatives) we end up
with a system of mostly algebraic equations with a simple ordinary differential equations
for the homogeneous coefficients, similarly to [I]. These results for the polar sector are
the following;:

72 (—12A% = 2A(—2A+ (0 + 1) +2) + (2(L + 1)?)

VP :7_2‘779 _
“f “f r2 (rA’ — 2A + ((0 + 1))

8Q*12 A
+ -
rd(rA’ —2A+ 00+ 1))
1Q7 (A (20 A"+ 722 +4Q%) — rtA” — 2R + (U + 1)) |
r6 (rA/ — 2A+ ((0 + 1))?

(107)

P _
Ve =

—r A+ (0 + 1)
_|_

= , (108)
» A 27Q (2A (r3A +4Q* — 2r?) — riA? 4+ (e + 1))2 r2)
Viiae =™Vyvee = 2 )
o (rA’ —2A+ 00+ 1))
(109)
) ) A T2 )
(O S S (OF VT el (P
e = =700, +(2A rA/—2A+€(£+1))at et
27—@615 (), P :
— Ny 4+ O 110
FA oA il rL)) LT (110)
2 A’
Op, = — o 00?1+ [ — T r PP 4 OgP
trr = =100 + ( T At 24)7 QAVMG‘ *
r (A e 27Q)
— (= OpP — OgP 4+ @ 111
+2A(7~ *VGE) CTGA A ) PBe, (1)
(z‘)he+ _ Aar(i)q)f + <7"A 2A+e(z+21r ( )) (i)‘sz—i—
2rQA . .
7Q (HgP 4 Oy, (112)

Cr2(rA =24+ ({0 + 1))
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QA
2r
T oaogr_ @
4Aat v, 2 A

QA

@ 10 2—8 g7 — 229,007 4 0] + ), (113)

Of 0 = 0,7 + (Z)/ig, (114)

where we have introduced 7 = /(£ — 1)({ + 2). V&, and V5, are auxiliary potentials

that are nonzero for ¢ = 1 and will be useful later. The results for the axial sector read:

r? (A—=3rA) + (12 +1)r* — Q?

Ve = 5 , (115)
— A3 00+ 1)r? 4 4Q?
Vit = e (116
27Q)
Vilge == 5 (117)
Dhyyy =A0, (rO07) 4 Vg, (118)
. r . )
Dhgrg :Zat(Z)CI)A +xe, (119)
D105 :—£(£+ DrOwt 4 @, (120)

Similarly to [I], in the limit @@ = 0 wave equations decouple and (i)hg,“, is expressed
by the gravitational master scalars only and ) fou 1s expressed by the electromagnetic
master scalars only.

So far we have recovered Zerilli’s linear results and now we want to go beyond the
linear order. Firstly let’s invert linear relations - to express master scalars in
terms of metric and matter perturbations:

4rA (7‘@(1)hg+ — A(l)hgrr) 2T(1)h€+

P — _ 121
CTUH ) (P A —2AH (L)) L0+ 1)) (121)
wgr _ 470 g = 0V i) 8QA(r0, Ve, — AVN,,) (122)
¢ o+ 1) 0+ 1) (rA — 24400 + 1))’
(A — (r (8- Whpsy — 0 Vhy,g) — 20hysy) N 4QW frg, (123)
¢ 00+ 1)72r T2 7
200f,
(A _ 9o
Vi =y (124)

In higher orders the system of equations for scalar sources and for nonlinear functions

Oarg, DBy, Dy, D), (i, is underdetermined and we can put one constramt in each sector

on the forrn of the master functions. We choose to adapt the formulas - as
the definitions of W&} GOWT O/ and @P# in higher orders:

OpP — ArA (10, Ohey — AWhy,,) B 2rOh,,
¢ €(£—|—1) (TA/_2A+€(£+1)) €(€+1) )
r2 (@«(i)ffto - 8t(i)fer9) SQA (,,,aT(i)h“_ _ A(i)hg,,.r)
0+ 1)r (D) (P A —2A10({+1))’

(125)

(g? = 2

(126)
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Dt = ( (0 Phery = 0 Ohery) = 2Vhery) + 4QW g,

= 127
¢ 00+ 1)72r T2 7 (127)
: 200,
(hpA — 0¢ 12
CUore+ 1) (128)
From these definitions we have constraints on the inhomogeneous functions:
21 A, (®) 2 A2() .
rAo Ve . Be . (Z)W —0, (129)
(rA'—2A4+0(0+1)) (rA—2A+L((+1))
@5, =0. (130)

Now we plug (111))-(115) and (119))-(121)) into Einstein equations. The homogeneous

part containing master scalars vanishes from the equations and we are left with a system
of equations containing functions oy, @8, Oy, ON,, Oky, Oy, Oy, and 9, and scalar
sources WSE,, OSF IS4, (IS4 on the left hand side and tensor sources ()S;,, on
the right hand side. We can solve such a system and obtain the expressions for the
sources and inhomogeneous functionsﬂ. The sources for the polar sector are:

WGP _
G/Y
o AA (PP 4 sE A0SE, (2r3 A" — 4 A+ (£(€ +1) + 2) r* — 4Q°)
00+ 1)r (rA’ — 2A + £(C + 1)) 00+ D)r (rA — 2A + 0(C + 1))
840,055, BADSE 4rvE,Msg .
T D) A —2A+ 0+ D) T A 2440+ D) W+ 1)
i Q*(84 / )
N A0S _ <r3(rA/f2E4+z(£+1)) —A = TVJ\?E) B 16Q(1)Séwt
((+1) l+1)(rA —2A+L(L+ 1))’
(131)
(+1) e 0+ 1) h4
4 TOST . = T( ST =
20, 0SM  — r29,08M _ (gM (2p — 8Q” +
roTer T e e r(rA —2A+((0 + 1))
8Q (W _ Q2> SG,  8QA2ISS <r2<rA’—2A+j(e<e+1>—1)) 4 Q2)
r2 (rA’ — 2A + (0 + 1)) r2(rA’ — 2A + (0 + 1))
4000+ 1)QAWSE 4Q A9, VSY .
(L +1)QAYSE , + Q ¢+ + QQAIGT(’)SKG_—F
r(rA —2A4+0(0+1))  r(rA —2A+0(0+1))
_ 20057, (Vi) +2QA02VSE_ — 200757 Vited ST (132)

r A T ’

!The scalar sources can also be constructed in another way. Namely, once we have master scalars
expressed by the perturbations of ¢ and F', we can express the master wave equations in terms of
huw and f,,. Then, we can find a linear combination of the homogeneous parts of Einstein-Maxwell
equations and their derivatives that equals this wave equation. These linear combinations are exactly
the sources for the wave equations (see equations (43), (44) in [4]). However, in the thesis I choose the
more straightforward method.
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where the IS, is an auxiliary source regular for [ = 1. The sources for the axial sector
are:

or (0,056, — 0,056
NG T o) t Y ro
WSg. = ( = ) : (133)
. 205M
54 = t ¢ (134)
T
The inhomogeneous functions for the polar sector read:
oy — — 2r? (r2A20SE 4+ r20SE +2A05E )
0+ D)2 (rA —2A+4(0+ 1))
16Q*ADSE
- AT, : (135)
W+ D)2 (rA —2A+40(0+ 1))
, 2r(N5¢ 0, Wy
(Bg L tr t ¢ 136
& 7"(«4(“1)4r A ) (136)
. ©) (@) (4) A+ (L +1))
@) :7‘@ o + Yoy oy (rA” + ]
A 2()gM 2Q0,S¢
gy = 0y | 2Q0T5C_ (138)
(L+1) Al(0+1)
, 2089M 20 A9, (WSE
iy, = S, | 2@ ‘- (139)
((0+1) ((0+1)
and for the axial sector:
i 2r? i
Do, :?( ) thqw (140)
i 2r?
@y :?( )SfGr(j)7 (141)
()5, =0. (142)

3.4 Special cases: /=1 and /=0

Cases with [ = 0 and [ = 1 need special treatment - this can be immediately seen from
the polar expansion of tensors, because some of them do not admit ¢ = 1 or ¢ = 0
expansion. Below we briefly describe how to deal with these cases.

Polar ¢ =1

For ¢ =1 we don’t have ¢ = 1 coefficient in the polar expansion of Vh_. It means that
we also loose Einstein equation WE,_ = 0. However, since Wh,_ = 0 was our gauge
condition, we can set WE, _ = 0 as a new gauge condition in this case. It means that
the results derived for £ = 2 are applicable to the case £ = 1 with one change: due to
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the singularities in the source ?ST,, and potentials VZ,, Vi, we redefine a “matter”
master scalar: (")\i/f = 7007, Due to this redefinition, the set of wave equations now
reads:
(i)qﬂ’
r(= EH‘TQVGz) + Vit 97 = O5E,, (143)

<z‘>A

\I/
r(-O0+Vi,)—+ + 72VMGe o] = SMZ? (144)

where VZ,, VI, and ”SP e are defined in (108), (110) and (133]). What’s more the
gravitational master scalar W®7 is a pure gauge and one can get rid of it acting with a
gauge transformation ¢, = ((i)Cl &, D¢y, Dy 4,0), where:

D¢, =—0,9¢,, (145)

“Cyr ZQ(i)fl 00,9 ,,, (146)

W,y = — g(%f ‘ (147)
Polar ¢ =0

For ¢ = 0 in the polar sector there are no Wh_, Oh,y, Oh, (i)fte and (i)fre components
in the polar expansion. Using the gauge freedom we can set Whg . = @hg,. and we are
left with three variables only: Whgy, Phg,, and @fy,.. Equations for these variables
can be integrated directly (see eq. (80)-(82) in [2]):

A . .
?at(z)ho =085 (148)
A | o ()gG
T "
. @, . ,
AR o
Azial ¢ =1

For ¢ =1 case there is no (")hww coefficient in the polar expansion and we can use the
remaining gauge freedom to set Why,, = 0. We are left with Ohy,,, @f; ., Of; ., and
(@) f10,- The solution to perturbation Einstein-Maxwell equations is given by:

, 9,®

(W)f = —— 2102 ;1% (151)

‘ 9,

OFf o = __;‘1 Ly (152)

. . 4C1Q)

(i) _ ()4 1 1

Jros A 24— 2) (153)

r? Ohy 1o QVf19s  Ci i

- — = [ O5G qt' 154
2Aar ( r? > Ar? + Ar? / ST At (154)
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where (] is an arbitrary constant corresponding to the linearised Kerr-Newman solu-
tion. Master function PW+ fulfils an inhomogeneous wave equation:

(i)\pA
r(=O+ Vit )—+ = 953, (155)

where

4AQ [T D8 S¢ s dt’

2

(156)

034, = 20, —
.

Function W04 corresponds to a shifted function (I> ) from (45)).

3.5 Summary

To sum up, the algorithm of solving perturbation Einstein-Maxwell equations in our
setting is the following:

1. Solve wave equations for the master scalar functions (95)) (in the first order master
equations are homogeneous) and reconstruct metric and matter fields according

to ((TD-(IT3) and (LT0)-(12D).

2. Move to a desired gauge, if necessary.
3. Construct sources for Einstein equations using @D and go to the higher order.

So far, there was no general scheme of treating nonlinear perturbations in Einstein—
Maxwell systems. The article [2] provides such a tool by simplifying the procedure of
solving perturbation Einstein equations a lot: at each perturbation order, there are only
wave equations that need to be integrated. Such a scheme might be useful e.g. for the
nonlinear studies of the cosmic censorship conjecture. Unfortunately, due to a limited
time of my PhD and due to other projects described in this thesis, I have not applied
these results yet.
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4 The problem of ultracompact rotating gravastars

4.1 Introduction

In the two previous papers, the focus was put on the formalism of perturbation methods
and on providing tools that could be used to solve some problems. In the article
[3] we apply the nonlinear perturbation scheme to answer a physical question: can
the spacetime around the rotating gravastar be the same as around the Kerr black
hole? This hope of matching the gravastar with the Kerr metric was sown by the
results of Uchikata and Yoshida [38], Pani [39], Uchikata et al. [40], Posada [41]. From
the first three papers [38, [39, 40] it follows that the I, Love and Q numbers of the
rotating gravastar solution tend to those of Kerr as we compress the gravastar and in the
limiting case they are equal. The last from this list, Posada [41], goes even further and
hypothesises that his results provide a solution to the problem of the source of a slowly
rotating Kerr black hole. There are also other second order perturbative constructions
that were matched with the Kerr metric [42], 43| [44]. In the paper [3] we want to go
beyond the second order approximation. We utilise the nonlinear perturbation scheme
similar to [4, 2] and construct a rotating version of the ultracompact gravastar up to
the third perturbation order and then we try to match it with a Kerr black hole.

Let’s start with the description of the background metric. The original gravastar
solution was proposed by Mazur and Mottola [45] as a static, spherically symmetric,
two layer object. The interior layer of the gravastar has an equation of state p = —p
and the outer layer has an equation of state p = p, where p is the pressure and p is the
density of the perfect fluid. The exterior is a Schwarzschild solution. All three patches
of this solution are smoothly matched via Israel junction conditions [46]. The limiting
version of this solution, later referred by other authors as the ultracompact gravastar,
was introduced by Visser and Wiltshire [47], Mazur and Mottola [48]. The ultracompact
gravastar is the de Sitter solution matched to the Schwarzschild spacetime via singular
shell located at » = 2M. The metric of this solution is given by:

1 2

h(r)

ds* = —f(r)dt* + dr® + r? < du

1 —u?

+(1- u2)d902> : (157)

where instead of usual angle 6 we use u = cos# and:

1 _ <

rr={ 10 -7m) reav (158)
1-24 r>2M,
1— -2 r<2M,

h(r) :{ BT Doy (159)

This solution can be obtained as the limiting case of the Schwarzschild constant density
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star [9], given by:

1 . 2M7"2 .
i 1 34/1— > r<R, (160)
1-— ¥ r>R,
1—2M2 <R
M r<R,
_ 7R3 - (162)
0 r>R
3MRS(1—,/(1—2§4)(1 2072 )>+3M2( 2-3R?)
p(r) = 47rR3(Mr2+R2(4R 9MM)) r<R, (163)
0 r> R,

where R is the junction radius. Israel junction conditions for the static, spherically sym-
metric perfect fluid configurations reduce to the continuity of the metric (1st junction
condition) and vanishing pressure on the matching surface (2nd junction condition).
When R > %M , the pressure of the solution is regular, but for R = %M the pressure
in the centre becomes infinite (the limiting value of R = %M is called the Buchdahl
limit [49, 50]). For solutions with 2M < R < %M , as we squeeze the star, the pressure
singularity moves away from the center of the solution towards the matching radius
R and the singularity radius is given by 7ng = R—V?%M_‘LR. Finally, for R = 2M, the
pressure becomes finite again and the interior equation of state becomes p 4+ p = 0,
therefore it becomes a de Sitter metric with a cosmological constant A = ﬁ. How-
ever, in this limiting case, the pressure is no longer vanishing on the boundary and the
matching surface located at R = 2M does not fulfil second junction condition. It means
that it produces a nonzero contribution to the energy-momentum tensor. Such a shell
possess a o-like singularity in the transverse pressure, but this singularity produces a
finite contribution to the Komar mass—energy integral. What’s more, for R = 2M the
matching surface is null and one needs to use junction conditions for the null surfaces
to determine it’s energy—momentum tensor (see [48] for the details).

When I speak about the matching of the rotating gravastar with the Kerr metric
[ always mean matching using the first junction condition (continuity of the metric),
since already in the zeroth order the second junction condition is not fulfilled. If the
first junction condition would succeed, then calculating the energy—momentum tensor
of the shell would make sense. However, since, as I will show below, even the first
junction condition cannot be fulfilled for matching gravastar with Kerr, there is no
point in using the second junction condition at all.

Due to the fact that the standard Schwarzschild coordinates are singular at r = 2M,
we prefer to use the ingoing Eddington—Finkelstein (EF) coordinates (v, r, u, ), where
v=t+r+2MIn(*52M"). The interior metric in EF coordinates reads:

1 r? ) o du? N
9=7 1—4]\42 dv® + drdv +r 1_u2+(1—u)dg0 : (164)
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and the exterior metric in EF coordinates reads:

2

oM
g= <1 - 7) dv? + 2drdv + 1 (1duu2 + (1 - uz)dgoz) : (165)

4.2 Setup

Perturbation expansion and gauge choice

In the paper [3] we follow the same scheme as in [2, 4], therefore I do not introduce
the same formalism again here. However, we use the convention compatible with Bruni
et al. [6] and we expand the metric in series with the ! coefficient in the denominator:

S
uv = Guv + Z F( )hul/ ) (166)
i=1

where a stands for the perturbation expansion parameter (it will turn out to be the a
parameter of the Kerr metric). As well as in [2] we use the Regge—Wheeler gauge. Due
to the use of w rather than 6, the polar expansion needs to be transformed (see Eq.

(6)-(11) in [3]).
General gauge transformations

Gauge transformations were already discussed in the previous papers [1, 2], but
always in a context of transformations within a given perturbation order. Strictly
speaking, we were so far considering the impact of acting with a gauge vector of order
i ¢ on the metric of order i Wh. Such a discussion was sufficient, because we were
assuming to solve perturbation Einstein equations order by order, fixing a gauge at
every order and not moving back. However, if one has a solution up to order ¢« > j,
then changing a gauge in order 7 would also change the solution up to the order i. The
question how to deal with an impact of lower order gauge transformations on higher
order metric perturbations was answered by Bruni et al. [6] and we have used their
result for our needs.

Why would we care about such gauge transformations? Imagine that we solve
Einstein equations for the interior metric up to the third order and we want to match
it with the exterior metric. Matching two spacetimes is in fact searching for the gauge
in which the spacetimes fulfil junction conditions. If the matching conditions were not
fulfilled in the first order, we would gauge—transform the first order metric to perform
the matching, but such a gauge transformation would affect the solutions of order 2 and
3. This is exactly the case in our study: to be absolutely sure that we use the whole
gauge freedom to match the interior with the exterior, we consider general first, second
and third order gauge transformations and their impact on the metric.

at(i

()¢ on the metric
2

o0
Let’s assume that we act with a gauge transformation £ = )
i=0
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%(i)hw' According to [6], the metric transforms as:

v

I = G + .

1

ZZ, [P 3) S S

11=01s=0  I,=0

qlr2le ekl . . > a'
. 1 2 . k _
(2D - (K- DMl T £<1)§"£<2>£ £<k>£ Z 1 e

(167)

where £ denotes a Lie derivative with respect to the vector (¢, Explicit form of
these transformations up to the third order is:

Ohy =y, + £00eGun (168)
Oh =Py, + (Lo + £ G + 2LV, (169)
Dby = Php, + (£35, + 3L00e Lere + £01¢)Gur + 3£y + £er¢) Dhyu+

+ 3L Py . (170)

Although these formulas seem obscure, they are extremely useful - they allow to have
full control over the gauge even after solving Einstein equations. The linear version of
these transformations (what means acting with a gauge vector of order ¢ on a metric
perturbation of order i) is given by:

(i)hémp _>(i)h€mp - (Z)écp ) (171)
‘ . 2() ‘

(z)hhw _>(Z)h€r4p + TS‘P _ (z)g; ’ (172)

Dhpuy =Dy + €, (173)
. . 1 . N

(l)hevv _>(l)h£vv - ZL (f(l)&« + 251)) f/ + 2(Z)£v ) (174)

i ; 1. .-
(l)hfvr _>(l)h€vr + Ef/(Z)gr + 51,) + (l)fr ,
(l)hé rr _>(’L)h2 rr + 20)&; ) 176

(175)
(176)

Ongy —=Ohgy + 20 fO€, —0(0 + 1), + 470, (177)
(178)

(179)

(180)

Ohy_ =0, — ¢, 178
Ot =g — O, @Su : 179
(i)hﬁru —>(i)hfru - g + - Z)S - 5 180
dots and primes correspond to derivatives with respect to v and r, respectively.

Matching

In the previous paragraphs I was referring to the Israel junction conditions and I
argued that in this case it is sufficient to focus only on the first junction condition,
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which I will now introduce. Let’s assume that we have two spacetimes, which we
call interior spacetime with coordinates z=# = (v, 7~ ,u, ¢~ ) and exterior spacetime
with coordinates xt# = (vt rT ut, p*). We want to match them via 3-dimensional
hypersurface ¥ given by a condition 7+ = r;"(u*). The first Israel junction condition
[46, [51] is given by:

o]l =0, (181)

where [[E]] = E*(r])—E~(r; ) and g is a metric induced on the matching hypersurface.
Now, since the hypersurface ¥ is common for the two spacetimes, we introduce intrinsic
coordinates on X: y* = (V, U, ®). Then we express interior and exterior coordinates on
the hypersurface ¥ by y* (Eq. (19) in [3]):
v = (AT V. (U), F(U), @), (182)
b
= (AT (U),FF(U),9) (183)
b
where r£(U) = 2M + Sn*(U) + O(a*), FEU) = U + 253 (U) + O(a*) and we
polar—expand n* into n*=(U) = nE + ni Py(U).

This allows us to write the metric induced on the matching hypersurface for both

interior and exterior and have it expressed in coordinates y“:
gvv = (Ai)zgqi )
gvu = ASgry (U) + A i F=(U),
gve = Aigia )
oo = (F¥()) gt + (') g5+ 2P O U)g?,
Jue = Fi/(U)ng, + rbi/(U)g;tw ;
Joo = gip :

(
(
(
(
(
(

We are free to choose F*(U) =U and AT =1 (see e.g. [38]), we also denote A~ = A.
The matching procedure described in section V of 3] consists of three steps:

1. Solving perturbation Einstein equations for the interior and choosing a solution
which is regular at » = 0 and at r = 2M.

2. Trying to match the interior with the exterior. To do this, we act with a general
gauge transformation ((168)) up to the third order and try solve matching conditions
(1182)).

3. Going to the higher perturbation order, if the matching is successful.

Kerr metric expansion

Since we try to match the rotating gravastar with the Kerr metric, we have to expand
the latter. We take the Kerr metric in EF coordinates, so that in the zeroth order it
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is exactly (166). What’s more, we move with the expanded Kerr to the RW gauge.
Although this step is not necessary, it simplifies formulas. The nonzero coefficients of
the Kerr metric in RW gauge up to the third perturbation order read:

2M
Wp+ — 27
1,vp 7; ’ @+ _4M(2M +7)
4M 2+ r2 ’
@p+  —
[ ) 3
) 4?}\7; 602 — My —3p2) M = o
— Mr — 3r 1V 5p5 7
(2)h2+7“’ - 35 ’ 4M (—6M?* + 5Mr + 51?) (190)
(M + ; 30 = 5r5
4M T » U 9
@p+ _HEVE T r
h2,vr r4 ’ (3)h+ _ _4M(9M + 57') ‘
(2)h; _ _% 3,7 Hr4
T r )

4.3 Seeking for the regular interior solution

Einstein equations

We assume that with the rotation the equation of state of the gravastar does not
change and we take:

p+p=0. (191)

In the article 3], we provided the results for the metric perturbations without the
perturbations of p and p and in the summary we only mentioned that allowing for the
perturbations of p and p does not change anything for the results. Here we provide the
full calculation including perturbations of p and p as well (within the equation of state
(192). Einstein equations take the A-vacuum form:

G;w = 8TPGyw » (192)

and the density is also expanded in series of a:
o0 a2i(')
p=p0+27 op. (193)

Then we follow the standard procedure described in the introduction to this thesis
(equations (I)-(9)). For the purpose of examining the problem of matching gravastar
with Kerr, it is sufficient to solve Einstein equations up to the third order. They can be
directly integrated and there is no need for the master scalar formalism described for
the Einstein-Maxwell case. However, to show that the solution we take is regular, we
need to solve Einstein equations up to the 6th perturbation order. Direct integration
of Einstein equations up to the 6th perturbation order is too complex and the master
scalar formalism is really helpful. We provide the solution up to the 6th order and the
Kreschmann scalar expansion in a Mathematica file [52]. We examine the Kretschmann
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scalar in Appendix [A] and we disregard the parts of the solution that produce singular-
ities in the expansion coefficients of the Kretschmann scalar.

Regular interior solution

According to the Appendix [A] a regular interior solution up to the 3rd perturbation
order reads:

1 r? 5 [ €20 2 902 2 90 (2 2
gw=—(1--—)+a = 3L Po() + 7% (7 Pop + Q1) ) (194)

4 M2 32M?2 3
1
Y 195
- (199
1, [(a*cy
aaar Y (M? ) o
1
Gop = =5 (1= ") O —ar® (1 —w®) Qs (197)

where I have listed only nonzero terms. P, is the Legendre polynomial of order 2 and
a0, Pdp, Q1 and Qg are arbitrary constants.

4.4 Matching ultracompact gravastar with Kerr

Before trying to match the interior solution with the exterior solution, we act on the
interior with a gauge transformation up to the 3rd order:

a2 a3
£ = a(1)€ + 7(2)6’ + 5(3)5’ (198)

and we polar-expand gauge components:

Where P;(u) denotes the ¢th Legendre polynomial of u. I emphasise the dependence
of gauge on v, because using v-dependent gauge transformations can still result in
v-independent metric after the transformation.

Matching procedure reduces to solving the junction conditions for:

1. n¥, A~ and A responsible for the relation between coordinates on the matching
hypersurface.

2. Constants arising from Einstein equations - the only free constants we have are
1, c0, §231 and (2)50-
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3. Gauge functions ¢, u(v,7r). If the gauge was not earlier settled to RW, these
functions would be crucial for the matching. However, since both interior and
exterior are expressed in the RW gauge, these functions won’t play a crucial role
in matching. Nevertheless, to be sure that we do not miss any possibility to
match, we keep them in our equations.

The next step is expanding metric induced on the matching hypersurface gfb into
series in a and solving equations for the above unknowns order by order.

1st order

We want to keep interior metric to be independent of v. A gauge transformation
ensuring such independence is given by (see ([172))-(181])):

Wer = quor? + My (r), (204)

where qq; is an arbitrary constant and (Vy,,(r) is an arbitrary function of r. From the
expansion of ((182)) in the first order in a we obtain:

Wpt (2M)

1+ — Why,,(2M) = =9,V ,(v,2M) (205)
what, together with (205]) yields:

Oy = TAAN2 +qi1 - (206)
2nd order

In the second order, again, we use a gauge transformation that guarantees the v-
independence of metric:

oy = =AM fgaov + Phygo(r) (207)
o, = 8M>qagv + Py, (1) | (208)
0 = Pray(r), (209)
ey = P (r) (210)
@y = Pyaulr), (211)

where ¢o0 is an arbitrary constant and )y, () are arbitrary functions of r. From the
expansion of ((182)) in the second order in a we obtain:

2,,— +
(Q)hBLw(QM) - AQ(Q)hEvU(QM) - An;# + ?AQMZQM (qun —2Q1) +
A2
+ m@)%U(zM) : (212)
2,,— +
(Q)h;w(QM) - A2(2)h2_vv(2M> = An;# - ?AZMZQM (qun — 2001) +
A2
+ W%QUQM) , (213)
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205 —ny A= AM*®hy,(2M), (214)

) 8y —m) / @)

[ho+(2M)]] = — " 8N (U) + 8M o, (2M), (215)

@ _ 80 —m) @) _ 6@

16UNU) +8(1 —U?) N(U)
@hy_(2M @y u(2M) + , 217
[Pha- (2M)] = s, (200) S 1)
what leads to:
_ M M 32
ny = —M*P,(2M) — e 37TM5(2)5P, (218)
M
772_ = _? - M2(2)72v(2M) ) (219>
M 32
= e §WM5(2)5P7 (220)
M
= (221)
A=-1, (222)
AU) =0, (223)
( )72u(2M) =0 (224)
3rd order
In the third order, the conditions for the v-independence of the metric are:

®e, = qglr% + (), (225)
Dy = D7), (226)

where ¢3; is an arbitrary constant and (3)w .(r) are arbitrary functions of r. From the
expansion of (182)) in the third order in @ we obtain the conditions:

_ 3 (5020 + 8)
(3)hii_mp(2M) - A( hl'mp(QM) :3(]11 (CQO - 64M4QQ0) + W
+4M? (g31 — 12g20) + 327 M*Pp, (227)
3
3 - —

SM2Pg; L(2M) =6Pn,,.(2M) (4M?quy + 1) +
+2 (3M®hy,,(2M) + 1) (MWryy(2M) — Wy ,(2M))

(229)
The condition (228]) can be fulfilled by setting
3 (4M> 1 — 64M*
Qg = S0 1) (eao ©0) 4 g0y + 875, (230)

16M4
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and can be fulfilled by the appropriate choice of (), . (e.g. setting them to zero).
Condition leads to a contradiction and cannot be fulfilled - we do not have any
free parameters in G, vp and G, vp- This fact leads to the conclusion that within our
assumptions gravastar cannot be matched with Kerr spacetime.

4.5 Discussion of the interior solution and matching surface

The solution ((195)-({198) is an exact solution to Einstein equations. It turns out that it is
just a de Sitter spacetime in rotating coordinates. Let’s act on the solution ({195])-(|198|)
with the following gauge transformation:

g1 =(0,0,0,7*Qv) (231)
2 2
(2) _(_ CooT (&N (T —4M ) CooU 0.0 939
o ( 632 T qesat . U iea V) (232)
(2)52 - (07 Oa 07 0) ) <233)
3ca0r282
B)e _ 20 SC20m "t
S (0707(% (1" TRM2 )U> ) (234)
¥, = (0,0,0,0) . (235)
Using formulas ((169)-(171]), we obtain the transformed metric:
1 r? 8
A %2 2(2) 9
Gow 1 ( o 3T op |, (236)
1
w=3 237
g’UT‘ 2 ) ( )
gy =1, (238)
Jop =0, (239)
what is just the de Sitter metric with cosmological constant term A = ; ]\?’42 + 875 pa.

We can also ask where is the surface that we match across up to the second order.
Due to the transformations of the Kerr metric in EF coordinates to RW form, we
have changed the r coordinate. Because of that the coordinate radius of the outer
Kerr horizon changed from 7y ~ 2M — 2 to " ~ 2M — .. The location of the

matching hypersurface in the exterior coordinates is given by r, (U) = 2M + A‘}—Z(ng +

ny Po(U)). The coordinate distance between r,” and rEW is given by @r = rf —rEW =

2 (9u?—1287 s pM* .
(9 36]\7; £ ) It means that for J)§p = 0 the matching is performed above the

horizon radius apart from u = 0 (corresponding to the equator § = 7/2) where it
touches the horizon. For )§p > 1287er the matching is performed under the horizon
of a Kerr black hole. Due to the dependence of 7, on u there is no possibility to match

exactly on the Kerr horizon.

4.6 Summary and discussion

Searching for the material source of the Kerr metric is a long standing problem in
General Relativity. Articles [38],39, 40}, 41] brought a hope that a rotating ultracompact
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gravastar can be an example of such a source. One may argue that such a source would
not be a legitimate example for at least three reasons:

1.

2.

The interior solution is an exotic negative pressure fluid.

Only the first junction condition would be fulfilled, the second would only provide
a singular energy—momentum tensor of the matching surface.

. The matching is performed extremely close to the horizon and in the zeroth order

on the horizon.

On the other hand, static gravastars were proposed as an alternative to a Schwarzschild
black hole [45] [48]. Thus, one can treat our study as an attempt to find the gravastar—
like alternative to a Kerr black hole rather than as an attempt to construct a physically
plausible star—like object that would serve as a source for the Kerr black hole. Nev-
ertheless, we show that such a matching between rotating ultracompact gravastar and
Kerr metric is not likely to be possible. Now I want to provide some remarks on our
results and compare it to the other authors’ results:

1.

We have assumed a specific equation of state of the gravastar - one may argue,
that with other equation of state matching would be possible. Some authors, e.g.
[53, 54] claim that to match gravastar with Kerr, one should include a vortex
solution inside.

The interior solution was chosen to be regular at r = 0 and » = 2M. To ensure this
regularity, we calculated the Kretschmann scalar at » = 0 and » = 2M and put to
zero terms that produced singularities in it’s Taylor expansion. However, it may
happen that the singularities in the expansion are artefacts of the perturbative
expansion ([53]). As an example we can take a function f(r) = 7;_1—2(12 that is
regular at » = 0 for all real values of a, but it’s Taylor expansion around a = 0
produces terms singular at » = 0. Unfortunately, we do not know a way to
deal with this obstacle and it seems to be an inherent flaw of the perturbative
expansion (all authors that we are aware of dismiss terms which are singular -
with one exception of [53], but we discuss this paper later). This possibility leads
to the following statements: if there exist a rotating gravastar solution that is
continuously matched to the Kerr black hole, perturbative approach is not a right
way to seek for this solution.

. We would like to emphasise the need of going to higher orders with the known

perturbative sources of the Kerr black hole, e.g. [43] [42] to verify if the matching
survives. As we have found out, the system of equations arising from the first
matching condition up to the second perturbation order is well-determined, what
means that one could match almost anything to anything up to the second order.
Only in the third order one has real conditions for the metric and if they are not
compatible, the matching cannot be performed.

. Author of [4T] base the conclusion that rotating gravastar may be a source for the

Kerr black hole on the limiting values of the multipole moments of the solution
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he obtains. It seems that this claim is not fully justified. There is no proof that
the equality of certain multipole moments between two spacetimes means that
these are the same spacetimes. In a recent paper [55] authors provide examples of
"mimickers" of the Kerr black hole - solutions which have the same value of some
multipole moments as the Kerr black hole, but they are different spacetimes.

. Recently there appeared an interesting article [53] that tackles exactly the same
problem as our work [3]. The conclusion of [53] is that it’s possible to match the
rotating gravastar with the Kerr black hole on the horizon of the Kerr black hole
up to the second perturbation order. However, from our calculations it follows
that such a matching is not possible. This discrepancy comes from the fact that
authors of [53] allow for the perturbations which are singular at r = 0, what
introduces one more free constant, which can be used to perform the matching
exactly on the horizon. The justification for such a scenario is the possibility that
the singularities they have in perturbations are not real (see comment [2[ above).
[ see downturns of such an approach. First of all, authors of [53] do not provide
convincing arguments that the singularity they produce is not a real curvature
singularity. What’s more, by allowing for singular terms one would be able to
match anything with almost anything, since a lot of freedom in the solutions
would appear (but probably this freedom would be associated with curvature
singularities in the solution).
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5 Final remarks on the thesis

To sum up, in this thesis I presented the results of my studies on both linear and
nonlinear perturbations of exact solutions to Einstein equations. In the two papers
[1, 2] the focus was put on the formalism - in [I], together with A. Jansen and A.
Rostworowski, we provided an extension of the Kodama-Ishibashi equations to the
Eisnstein-Maxwell-scalar case and in 2] I provided the nonlinear extension of the Zerilli
master equations describing the perturbations of the Reissner—Nordstrom black hole. 1
would like to emphasise the fact that without an “ansatz” approach introduced by A.
Rostworowski in [4], obtaining results from [I] and [2] would be much more difficult.
The third paper, [3], was more practical - it addressed the physical question: if the
vacuum spacetime outside the compact object is the Kerr spacetime, is it possible that
the source of this solution is the rotating gravastar? Although the perturbation methods
are not one-hundred percent conclusive, they provide strong arguments that the answer
to such a question is no.
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Appendices

A Kretschmann scalar for a rotating gravastar solu-
tion

In this appendix I a present a perturbation expansion of the Kretschmann scalar. The
Kretschmann scalar is calculated for the metric which is the solution to Einstein equa-
tions for the perturbations of the interior gravastar (de Sitter) solution up to the sixth
order. The full solution itself is extremely lengthy and can be found in a Mathematica
Notebook [52]. Method of solving Einstein equations is based on the formalism [4],
which was already described and extended in this thesis.

The aim of this calculation is to find the regular part of the metric up to the third
order. However, in this case the singularities which appear in metric at order ¢ show up
in the Kretschmann scalar at order 2i, that’s why we need the solution up to the sixth
order. The full solution contains the following constants: Ily1, €211, ¢o0, d2g, C22, dag, 1131,
Qa1, 33, 33, Ca0, dao, Ca2, daz, Caa, dag, sy, Qs1, Tls3, Qs3, 15, Qs5, ce0, doo, o2, de2,
Cea, dgs, Cos, dog, Where lower indices of a given contant Cj, refer to the perturbation
order and the multipole expansion number, respectively. The solution contains the
perturbations of the density as well: ?)§p, Wsp and ©)§p. Once the Kretschmann scalar
expansion blows up, I set the appropriate constants to zero to make the solution regular.
The Kretschmann scalar expansion is given by:

6

_ g2 at a
K=K+ 5<2>K + Z@K + a(G)K +0(d®). (240)

A.1 Second order

Second order expansion of the Kretschmann scalar reads:

192(10M?2 — r?2)

@ —
K= M278

Iy, +

2) 2 2
641 5p_192<7’ +8M
WE M 278

) HHPQ(u) > (241)

where lower index refers to the the polar expansion and F; is the Legendre polynomial
of order ¢. To make @K regular at r = 0, we set II;; = 0.

A.2 Fourth order

WK = WK, + WK, Py(u) + WK, Py(u) (242)

33



 81d3, (560M* — 120M%r2 + 3r*) coth ™ (%)QJr
B 20M 2710

27dps coth™ (2) (1295 (560M* — 120M%r? + 3r*) + 5door (84M? — 117%)) N
- 5M 710

0

16 (81c3, (560M5 — 120M*r? 4 3M?r*) + 807r'® (30p + 3Wdp + 1676p* M?) )
+ +
5]\/[27“10
72 (3022d22 (84M2 — 117’2) + 16d%07”3>
+ 5 +
+9d§2 (5040M° — 2760 M*r? + 443 M?r* — 1679)
58 (Mr2 — 4M3)?

, (243)

81d2, (400M* — T2M?r2 + r*) coth ™ (224)?
- 1402710
216 (14daor? (r* — 12M?) — 3cgo (400M* — 72021 + 14)) coth ™ (22)
+ TMr1o
+54d§2 (29r% — 300M?) coth™" (21) N
TMro
. 1842, (3600M6 — 1848M*r2 4 265M2r* — 8rF)
7r8 (Mr? — AM3)?
432¢9 (699 (400M* — 72M?r% + 1) + door (300M? — 2972))
+ Trl0 +
+864d20 (oo (48M? — 4r?%) + 3daor)

r8

IS¢

2 +

+

: (244)

2433, (720M* — 40M?r2 + 13r*) coth ™t (24)? .
B 140 M2710

243das coth™ (24 (degy (T20M* — 40M?r2 + 13r*) + 5doar (36M2 + 1r2))
_ T +

35M 710

1944022 (2022 (720M4 - 40M2T2 + ]_37“4) + 5d227" (36M2 + 7"2))
+ 35710 *
+27d§2 (6480M6 — 2520 M*r? — 27 M?r* + 64r5)

3578 (Mr2 — 4M3)?

AWK, =

(245)
To make WK regular at » = 0 and r = 2M, we set cop = dyg = doo = 0.
A.3 Sixth order

OFK = OK, + OK,Py(u) + OK,Py(u) + OKgPs(u), (246)
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where

32 36)s5
619K, =7 <327T(2)(5p(4)5p + Mf ) +
4800M* (—3360M° + 1120M*r2 — 90M2r* 4 r6) 02, coth ™ (24
- Lo+
Tri2
480M (3360M6 — 1120M 7% + 90M2r* — 7%) T155€233 coth ™" (22)
+ r 4
Tri2
6400M° (2520M* — 630M 212 + 29r*) Q2; coth ™ (24)
+ r /o4
Tril
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3r8 71l
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(247)
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(250)

To make (9K regular at r = 0 and r = 2M, we set I3 = II53 = Q33 = 0.

A.4 Regular part of the Kretschmann scalar

Up to the third order, we are left with the solution containing four nonzero constants:
11, c90, 231 and (2)5p. The Kretschmann scalar corresponding to this solution (up to
the sixth order) reads:

2 2

ot Tae vt e M2

2
—i—%ﬂ (%“%p + 3271'(2)5p(4)5p> a® + O(a®). (251)
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ABSTRACT: We derive master equations for linear perturbations in Einstein-Maxwell
scalar theory, for any spacetime dimension D and any background with a maximally sym-
metric n = (D — 2)-dimensional spatial component. This is done by expressing all fluctu-
ations analytically in terms of several master scalars. The resulting master equations are
Klein-Gordon equations, with non-derivative couplings given by a potential matrix of size 3,
2 and 1 for the scalar, vector and tensor sectors respectively. Furthermore, these potential
matrices turn out to be symmetric, and positivity of the eigenvalues is sufficient (though
not necessary) for linear stability of the background under consideration. In general these
equations cannot be fully decoupled, only in specific cases such as Reissner-Nordstrom,
where we reproduce the Kodama-Ishibashi master equations. Finally we use this to prove
stability in the vector sector of the GMGHS black hole and of Einstein-scalar theories in
general.
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1 Introduction

General Relativity admits a wide variety of Black Hole solutions, especially when coupled
to matter. For any such black hole, or black brane, one of the central questions is how it
behaves when perturbed, and in particular whether or not it is a (linearly) stable solution.

To answer this question one has to solve the linearized perturbation equations. This
can be a messy task, because the metric, and the matter fields, have many components
which all need to be fluctuated, and which may all couple.

The field of black holes perturbations was born with the seminal Regge-Wheeler [1]

paper, where the stability of the Schwarzschild solution under azial linear perturbations
was analysed. This study was extended to polar perturbations by Zerilli [2, 3] and given a
new perspective by Moncrief [4]. Later, it was extended to the Schwarzschild-de Sitter [5]
and Schwarzschild-anti-de Sitter [6] backgrounds. Finally, the problem of linear fluctua-
tions was treated in full generality by Kodama&Ishibashi (KI). In the outstanding work [7]
the problem was generalized for perturbations of general maximally-symmetric black holes
i.e. to arbitrary spacetime dimension, cosmological constant and to any of the three maxi-
mally symmetric horizon topologies (spherical, planar and hyperbolic), and then extended
to include Maxwell field (electro-vacuum) in [8]. These master equations have also been
generalised to Gauss-Bonnet gravity in [9, 10] and to Lovelock gravity in [11].
The key result of black hole perturbation theory is that the general perturbation can be
given in terms of only few scalar functions satisfying scalar wave equation with some po-
tentials. In particular, in the case of maximally symmetric black holes with an electric
charge [8] it was shown that the full problem of linear fluctuations can be reduced to solv-
ing 5 fully decoupled scalar wave equations with potentials, the so called master scalar
wave equations. These are equations on the master scalars, in which all the fluctuations
are expressed in a fully analytic way. !. Moreover, this structure can be extended be-
yond linear approximation and we find it really remarkable that in metric perturbation
approach to Einstein equations, solving a full set of perturbation Einstein equations (at
any perturbation order) can be reduced to the problem of solving a couple of scalar wave
equations [12, 13].

In this work we generalize Kodama&Ishibashi (KI) results [8] to theories which in
addition to a charge have a scalar field, with an arbitrary potential and an arbitrary
potential coupling to the gauge field. This covers a broad class of actions, which have been
heavily studied in the context of holography [14]. The simplest examples are Einstein-
scalar theories in anti de Sitter spacetimes, with the physics depending heavily on the
choice of potential and the background solutions typically being numerical, see e.g. [15—
17]. Including the gauge field some analytic examples are the GMGHS (Gibbons, Maeda,
Garfinkle, Horowitz, Strominger) black hole [18, 19] of which we will analyze the stability
in section 4.4, and the asymptotically Lifshitz black brane of [20].

Although our results are an extension of KI, our derivation (initiated in [12, 21]) is
slightly different. Instead of making manipulation with linearized Einstein equations (con-

"More precisely, in higher dimensions, D > 4, the master scalars in vector and tensor sectors come in a
number of copies corresponding to different polarizations of gravitational waves in these sectors.



sisting mainly in taking different linear combination of these equations and their derivatives
to arrive at master scalar equations), we take the structure of the outcome of previous work
as the initial input for our procedure: we make an ansatz that all gauge invariant character-
istics of fluctuation (see below for their definition) are given in terms of linear combinations
of master scalars and their derivatives, where the master scalar themselves satisfy scalar
wave equations coupled with interaction potentials. As the final results, we express all the
perturbations analytically in terms of the three sets of master scalars, one for each helic-
ity h. We find such an ansatz approach to solve for the fluctuations to be a very robust
technique: interestingly it works also for time-dependent backgrounds, for example in the
cosmological perturbations context [12, 21]). The main advantage is that once we decide
on the correct form of the ansatz (i.e. the highest order of derivatives of master scalars
in the linear combinations for gauge invariants and/or the form of the couplings between
master scalars in master scalar wave equations), finding the function coefficients of these
linear combinations and the actual form of the coupling potentials is an purely algorithmic
task (although rather unthinkable to achieve in the pre-computer algebra packages era).

We express all the perturbations analytically into three sets of master scalars, one for
each helicity h.
Each set of master scalars satisfies a coupled master equation of the form,

0e® —w e —o, (1.1)

!
) s

where [ stands for the wave operator on the background metric (see eq.(2.2) below) and
the potential matrix W couples the different master scalars with the same helicity, which
are labeled by their spin. The components of the perturbations are first expressed into
gauge invariant combinations (Eq. 3.4), which are then expressed in terms of these master
scalars (Eqgs. 3.5, 3.7 and appendix C). The potentials are given in Egs. 3.6, 3.9, 3.12 and
3.14. In section 3.4 we discuss when these still coupled master equations can be further
decoupled into single equations. Then in section 4 we discuss a sufficient criterion for linear
stability and apply it to several specific cases.

The master equations we derive here are made available in a Mathematica notebook,
along with a check of their correctness, at [22].

2 Setup

We consider the class of Einstein-Maxwell-scalar theories described by the following action,

s= [r2oy=g (R 20 - 00 - {Z0)F - V(o)) | 1)

where R is the Ricci scalar, A is a cosmological constant, 7 is an arbitrary normalization
factor for the scalar field ¢, F' = dA is the field strength and V and Z are two arbitrary
functions of the scalar field, with V(0) = 0.

2This can be absorbed into ¢ but we keep it explicit to make it easier to substitute a particular model.



Any time-independent n + 2 dimensional solution with a maximally symmetric n-

dimensional spatial part can be written as®

2
ds? = — rdt2—|—C(T) dr? + S(r)2dXx? ,
fr) f(r) (r) X, (2.2)
A =a(r)dt.
Here dX (Qn K) is one of the three maximally symmetric n-dimensional spaces,
de? +..+dr?, K= 0, planar
dX(Qn,K) =4 Q) K = +1, spherical . (2.3)

dH y, K = —1, hyperbolic

Here we note that while Kodama&Ishibashi approach [7, 8] is coordinate indepen-
dent we prefer to work with the fixed Fefferman-Graham, or Schwarzschild-like, coordinate
system (2.2). However, since our final result, eq. (1.1) is a scalar equation it can be eas-
ily expressed in any coordinate system; similarly the rules that express gauge invariant
quantities in terms of master scalars can be easily transformed (see Appendix D).

In order to avoid cluttering the presentation, we leave any complications relating to
spherical or hyperbolic symmetry to Appendix A, focussing here on the planar case. In
the results presented we do show the most general expressions, where the dependence on
the topology shows up only through the parameter K defined above and the eigenvalues
—k? of the corresponding Laplace operator.

The equations of motion following from Eq. (2.1) lead to the following equations for
the background?:

¢// _ ¢)/ (CI . g) . a7’ +dnf'¢' — 2C2V/

¢ "5 anf ’

" /<<_,_ g_ZIQZ),)
a =a c nS 7 ,
S//:Q_ﬂs(b&’

¢ n
0=S%(2nf¢? — Za?) — 2nSf'S" — 2n(n — 1) S +2¢* (n(n — 1)K — S*(V +A)) ,
" / fICI f/S/ 2 -1 ! 2 /
f'=2a%+ 75— (n—2) g - (”52 )(<2K—f32)—;”f¢2,

(2.4)

where in a slight abuse of notation, primes indicate radial derivatives except when acting
on V or Z, where they indicate a derivative with respect to ¢.

3Note that we could set either ¢ = 1 or S = r by a gauge transformation, but we choose to keep it in
this more general form.

“Here and in everything that follows, we extrapolate the dimensional dependence from our calculations
atn=2,...,9.



We further note that although we will work with the Fefferman-Graham coordinates
Eq. (2.2) here, the final potentials in the master equations Eq. (1.1) will be exactly equal
in the Eddington-Finkelstein coordinates parametrized as,

ds® = — f(r)dt? + 2¢(r)dtdr + S(r)2dX7, ), (2.5)

Any differences between the two will be shown in Appendix D.

We will not specialize to any specific background, but consider any background that
satisfies these equations.

In the following section we will perturb this general solution and derive the master
equations that describe these perturbations.

3 Master Equations

Perturbing the background solution to first order, we have to perturb all the fields: the
metric, the gauge field and the scalar. Because of the maximal symmetry of the spatial part
of the background, we can express the spatial dependence of these fluctuations using the
eigenfunctions of the Laplacian of the n-dimensional maximally symmetric space, which in
the present planar case are just plane waves, giving the following perturbations:

g = hﬂy(t,r)eim,
§A, = a,(t,r)e™” (3.1)
36 = p(t,r)e’
where we’ve chosen the plane waves to propagate along the first spatial coordinate in

X = (ac =T,y =T2), -2 = x(n)).
The derivation of the master equations takes the following steps:

1. Organise the fluctuations into three different sectors or channels, according to their
transformations under the little group.

2. Rewrite the the fluctuations into gauge-invariant combinations (or equivalently choose
a gauge that is fixed uniquely).

3. Rewrite those gauge-invariant combinations as linear combinations of master scalars
and their derivatives, where the master scalars themselves satisfy Eq. (1.1).

We shall now discuss each step in turn.

3.1 Sectors

The perturbations Eq. (3.1) naturally decouple into three sets of equations, as summa-
rized in Table (3.1). The sectors are classified by their helicity, 0, 1 or 2, or whether the
fluctuation transforms as a scalar, vector or tensor once the momentum is fixed. Various



different names are used in the literature for these sectors, we will stick to scalar, vector
and tensor since these seem to be the most natural and context-independent.

In Table (3.1) we summarize how the different components fall into the three sectors.
We adopt a convention where indices i, j take values from (¢,r, ) and indices o # [ take

values from (x3 =y, ...,z = 2).

b S Py a, © copies X Neoupled names
scalar

hij  h a; | ¢ parity-even, polar
0 6 1 3 1 1x11 sound
vector

hia G parity-odd, axial
1 (n—1)x3 n—1|— (n—1) x4 shear
hag Taa = hsp tensor
2 tn—1n-2) n-2| — | —|3n+)n-2)x1 scalar

total t(n+2)(n+3) n+2|1 T(n+3)(n+4)

Table 1. Decoupling of perturbations into sectors. Under each perturbation we note the number
of components involved. In the rightmost column we list some names that are common in the
literature for these sectors, here we use the underlined ones.

Each of the 1+ (n — 1)+ (1/2)(n+1)(n —2) = (1/2)n(n + 1) — 1 copies in the fourth
column will include one gravitational master scalar. This number is equal to the number
of graviton polarisations, which can be counted as a symmetric n by n matrix, subtracting
the trace.

The scalar sector is the most complicated one, since it receives contributions from
every field. In particular the scalar field itself of course falls into this sector. So do the
components of the gauge field and metric with ¢ indices, and finally the trace of the spatial
metric perturbations, h. In the table we also list the number of components each of these
has. For the scalar sector there are 11 fluctuations in total, which all couple to each other.
In the next subsection we will show that the 11 coupled PDEs for fluctuations in this sector
are in fact 11 equations for 7 gauge invariant characteristics of scalar perturbations.

The vector sector consists of those fluctuations with one « index. This can be the
gauge field, or the metric where the other index is an ¢. Together these give 4 components,
times (n — 1) for the number of values that « can take. These are not all coupled though,
this sector further decouples into (n — 1) identical copies of sets of 4 coupled equations, one
for each value of a. In the next subsection we will show that each copy of the 4 coupled
PDEs for fluctuations in this sector is in fact a copy of 4 equations for 3 gauge invariant
characteristics of vector perturbations.

Finally the tensor sector can only have contributions from the metric, and consists of
those metric fluctuations with two distinct indices «, 3, of which there are 1(n —1)(n —2),
and differences of diagonal components, of which there are n — 2 linearly independent ones.
This sector is particularly simple, since none of these couple to each other. Thus it falls



into (1/2)(n + 1)(n — 2) decoupled equations. All components in this sector are in fact
gauge invariant - see the next subsection.

Since the tensor sector equations are all identical we can consider only one tensor
perturbation, which we will take to be h,.. Furthermore since the vector sector consists of
identical sets of coupled equations for each value of o we can also consider only one copy
of those, which we shall take along the z direction, so we perturb h,, Ay, h;, and a,. In
the scalar sector we need all 11 perturbations, but instead of h;, and h we use different
linear combinations.

The perturbations we take are:

h  1/2hy kb O . 0 hy
1/2hy her ikheg O . O By,
tkhey tkhey hyy 0 .00 0 ikhy,
59“11 — 0 0 0 hyy 0 0 hyz eikx ,
0 0 0 (3.2)
0 0 0 0o 0 . 0

htz hrz ikhmz hyz 0
5AN: <(1t,aT,7:/€ax,O, - 0, a; et

where each function now depends on (¢,r), and we further rewrite:

Py = % (hy — (n — DE*h_) ,
1
hyy =+ = hae = — (hy + 5h-)

This particular convention comes from the decomposition into scalar, vector and tensor
components for general maximally symmetric topologies that we do in Appendix A, taking
the planar case.

3.2 Gauge Invariant Fluctuations

We can now use gauge transformations to simplify this further.

We do an infinitesimal coordinate transformation z# — x* + £* and an infinitesimal
gauge transformation A, — A, + V, A, where £ and X are arbitrary functions of (¢,r). If
we keep the background fields invariant, the perturbations have to transform as,

59/#/ - 5g;w = V& — Vi,
0A, = 0A, +V, A — fVVVAH — Ayvuf” , (3.3)
0p — 6 — E¥V, 0.



Now we further decompose the fluctuations into gauge-independent and gauge-dependent
ones. We find the following set of gauge-independent combinations:

helicity 2:
hyz = hyz>
helicity 1:
htz = htz - 8thJ:Z7
S/
rz = hrz - 8rhxz 2_hxz )
b t25
a, =az,
helicity 0:
_ 2 f! 2
Bt = hyy — 20thye + O h— + QnSS’(h+ +kh_),

/ / 2
hwEhﬁ—Q&mx+&&h,+27mx—?@m,—5f§¥@m++k%@%
her = h —ia(h +k:2h)+ C72(Sf'+2fS’)—77 i qﬁ’Q (h +k2h)
N T - 2nf2525’ n2fSr2 + -

_ 1 s’ ¢ 2
Byw = hpy — §8Th_ + gh_ - 2nfSS’(h+ + k*h_),
_ a 2
ar = ag _8tax — TSS/(h+ +k h,),
a a
a, = a, — Opray + ﬁﬁth_ — 7ht$,
_ ¢/ 2
p=p— (s + KR,

mSS
(3.4)

Note here that although K does not appear in these expressions, these are the correct
expressions for any K. Although these expressions are independent of K, the definition of
the components through Eq. (3.2) does need to be modified, see Appendix A.

Note the structure of these definitions. The gauge invariants are formed by some
subset of the components, “dressed” with the other components and their derivatives to
make them gauge invariant. In the tensor sector this is trivial. If we demand this structure
and that the coefficients are known algebraically in terms of the background, this choice
of gauge invariants is unique in the vector sector. In the scalar sector there is however
another choice. The one we have chosen is the Detweiler gauge [23, 24]. Instead one could
have chosen the Regge-Wheeler gauge, where h, is taken as the basis for a gauge invariant
instead of h,,. We find the Detweiler gauge simpler to work with, however we note that
since the master equations are gauge invariant, it actually does not matter for the final
potentials. Intermediate results in the Regge-Wheeler gauge are discussed in Appendix D.

When these gauge invariants are substituted into the perturbation equations, the re-
maining non-gauge-invariant “dressing” components (h,, in the vector sector and hyy, hy
and a, in the scalar sector) automatically drop out. Instead of using the gauge invariant



components one may use the gauge freedom to set these components to zero, fixing the
gauge. We stress that fixing the gauge, to Regge-Wheeler or Detweiler gauge, is completely
equivalent to working with gauge-invariant variables.

This step, and the next, are summarized in Table 3.2.

S
h Py Qp ¥
btta bt'r‘a bTT) hm: g, A 7
htx (ft)a h+ (51“)7 h* (61) Ay (A) -
0 oy oV |
btza brz
a;
hmz (é.z) -
1 1
1 oS! o) | -
hyz
p o _ ;

Table 2. Decoupling of sectors into gauge-independent components. For each sector and each field
we list first the gauge-invariant components, then in the line below the gauge-dependent ones and
behind them in brackets the gauge parameter that can be used to set it to zero. The bottom line
is the master scalar of that field in that sector.

3.3 Master Equations

The former two steps, the decoupling of independent sectors and the decoupling of gauge-
dependent modes, are quite standard and technically simple, and it is no surprise that this
can be done. The final step from the gauge invariant fluctuations to the master scalars is
technically more difficult, and here it is also not clear why the equations can be written in
the simple form that we will see.

Conceptually however this step is also very simple. We assume that we can express
all the fluctuations at a given spin and helicity into a single so-called “master scalar”,
which satisfies a Klein-Gordon equation with a certain potential. We make an ansatz for
the coefficients relating the gauge-invariant components to the master scalars, and for the
potentials. Then we insert this ansatz into the perturbation equations and try to find a
solution.

Around a vacuum solution, where the gauge field and scalar are zero in the background
and only consist of the fluctuations, the different spins also decouple. So for a given helicity

)

and spin (h,s) we can express all the fluctuations in terms of a single master scalar <I>gh
that satisfies a Klein-Gordon equation with a potential Ws(}fg)

The coefficients and potentials in the ansatz are found by plugging the ansatz into
the perturbation equations, and using the background equations (2.4) and the master
equations (1.1) (which involve the as yet unknown potentials) to simplify. In each equation
every coefficient of the master scalar and its derivatives must individually vanish, provided

the master equations have been imposed. This system of equations is such that for a



given helicity and spin one has to solve a single simple first order ODE, that can be solved
analytically. This gives one integration constant for each spin and helicity, corresponding to
an arbitrary normalization of the master scalar. The rest of the equations are algebraic and
can easily be solved, although in practice it can be rather difficult even with Mathematica.

What changes when there is a gauge field and/or scalar field in the background, is
that now the (th)aster scalars in a given sector couple through the non-derivative interaction
,8

potentials W_ ;. Remarkably, and non-trivially, these interaction potentials can be made

S
symmetric through a choice of the aforementioned integration constants. This leaves one
free integration constant per sector, that does not affect the potentials but just scales all
the master equations by the same constant. In order to get the master equations in this
form, the gauge-invariants also have to receive contributions from the other master scalars
at different spins.

We will now look at the results of this procedure sector by sector.

3.3.1 Tensor sector

In the tensor sector, only present for n > 2, nothing changes with respect to the vacuum
case. The fluctuation is proportional to the master scalar as,

by, = 207 | (3.5)
and the master scalar satisfies a free Klein-Gordon equation,
@y - B
W (r) = =k (3.6)

Note that this single term comes simply from the Laplacian acting on a scalar eigenfunction,
meaning that tensor modes satisfy a free, massless scalar field equation.

3.3.2 Vector sector

The vector sector, which is present only for n > 1, is still quite simple and similar to the
vacuum case, in that there is no mixing between different fields at the level of the master

scalars,

n fSS, 1 1 fS2 1

htzikl‘% C é)‘f‘ = <8T®§)7
1 CSz (1)

rz = —~—8¢ 5 37

b Lk f t¥9 ( )
1 5 5

=-——90
“=%vz L

where we have defined k = VA2 — nK and we have chosen an overall normalization of the
master scalars to reflect the singularity of the zero momentum, or in spherical setting [ = 1,
limits, see appendix B.1.

However as mentioned we get two equations which are coupled through the potential

1 1
W — (Wi W (3.8)
wiwiy)

matrix,

— 10 —



2 rQr 2 2 2 !
W, k f's K fS Za fno 1 Z
Wil =& s+ 02 (@ fw) e ma Y
Z/2 /2 ! [P 12 71l
_27f0? 2 fSY 072"
72 4¢2 Z (%S 2027 (3.9)
Za '
W) = —V/k? —nK@“ ,
(1) B ]{32 flsl fS/2 K f¢/2
WM(T)_ﬁ_n(CQS_@—F? +n o
and
V(r) = =202V +d%7' . (3.10)

Note that as expected, when the background gauge field vanishes, the equations decouple.
Also note that the factor vk2 — nK in the interaction potential. In the planar case this
becomes simply k, and the equations decouple in the zero momentum limit. In the spherical
case this factor becomes equal to /(I — 1)(I +n), so that the equations again decouple if
[ = 1. This makes sense too, because at [ = 1 there are no dynamical degrees of freedom
in the metric, only in the gauge field.

3.3.3 Scalar sector

Here it gets significantly more complicated, and we present the gauge invariants in Ap-
pendix C. These are expressed in terms of three master scalars @éo), (I)go) and (1)60)7 which
in vacuum would correspond to the gravitational, gauge field and scalar fluctuations re-
spectively. In the general case however, both the metric and the gauge field fluctuations
receive contributions from all three master scalars, while the scalar field gets a contribution
from the gravitational master scalar in addition to its own.

These three master scalars again satisfy the coupled Klein-Gordon equations 1.1 with
the potential matrix,

WO(,]O WO(,]I WO(,)Q

WO = W%W?p%%. (3.11)
0 0 0
Woa Wis Wys

— 11 —



The three diagonal potentials are,

]{2 / 2k2
Woa(r) = g5 + ng2 <C N(FP+4CHK (K — (n— 1K) +
2FD¢ (Sf'+ (n—2) fS’)) . 477% (V' —2d”27/2) ,

k*  Za?
“ @ D22

<n25/2.7: (Sf' —2(n—1)fS") +2fn*S*Za S+

Af¢* (nS” ((2n — 3)k* — n(n — 1)K) + k*nS?*¢) + 4C4k4> +

1 ( 7 f(n-1)¢

Z// 12 2 lzl /12

81¢2 (28 e D2
(n o 1) (nf/S’ _ fnS¢/2) N 3fZ/2¢/2
2nS 4222
k? n—1

2N =G+ —=355 <4n2 (k* — nK) fS?a? 25" — 8n¢* k'K + 8n¢* f ¢ k* (k* — nK) +

2n®S”F (Sf' (2k* — nK) + 25" ((n — 2)k* —n(n— 1)K)) +

8¢* (nS' (£8' (k* = n(n — 2B K +n’(n — 1)K?) — k45f’))> ’

(3.12)
where we have further defined,
F(r)y=2f8" - Sf",
D(r) = 2¢%k* —nS'F,
242 _ g (3.13)
P(r) = (nS % —ns' )}'
A(r) = 4nnfS'S?Za?¢’

and where again primes indicate radial derivatives except when acting on V', Z or V, where
they indicate a derivative with respect to ¢.
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The three interaction potentials are,

B kVZd
VIR

271
+ DS fP* 7' | Z+

D
D

Anfe’ (P —n(n —1)S%F —2¢28" (1 — 2n)k* +n(n — 1)K))> :
=kVk? — \/_” \nf_sw (A+DSV+477f¢ (P +2¢°nS" (K* — (n — 1)K))>,

Vovn — 1V Zad
)= —Vk*?—nK C/iSD?

<2 fn%8%22a%8"” + n%Sf' S F+

4f¢* (nS? (K*(n — 2) — K(n — 1)n) + k*nS%¢*) + D fnss’¢ + 4¢ k4>

(3.14)

We note again that if either the scalar or the gauge field vanish on the background,
their respective master scalars decouple from the rest. Furthermore at zero momentum in
the planar case, all equations decouple.

3.4 Full decoupling

The final master equations are a single decoupled equation for the tensor sector, two coupled
equations for the vector sector and three coupled equations for the scalar sector.

We would like to be able to decouple the vector and scalar sector further to fully
decoupled equations. If this is possible, the decoupled potentials would be the eigenvalues
of the potential matrix,

1 1 1 2 2
Wi = (Wl(’f + WY + \/ (Wil - wid) +a(w}) ) . (3.15)

However, it is only possible to decouple the equations in this way if the eigenvectors

of the potential matrix do not depend on r. Computing the eigenvalues and taking the
r-derivative, one finds that the equations can be decoupled under the condition that:
d, log (wf};) = 9, log (Wf}f - WQ(B) (3.16)
More simply, they can be decoupled if
w® _
% = const. , (3.17)
Wi

and in that case, the r-dependence in the square root in the eigenvalues factors out, leaving
a square root only of constants.

In the sound channel the algebra is a bit more complicated, with the decoupled poten-
tials being the following eigenvalues of the potential matrix (if it can be decoupled):

1
Wi = = (T+a@ + g) : (3.18)

— 13 —



where o are the three roots of 0% = 2, and

T =t (W(O)) ,
u-1 <tt ((W<o>)2> _ T2> ,
D = det <W<0>) , (3.19)

C= (27D +27% +9TU +R)"/*
R = (27D +27% + 9TU)* — 4 (T% + 3u2)3)1/2

Again this decoupling can only be done when the eigenvectors are constant, we have
however not been able to derive a simple criterion such as Eq. (3.17) in this case.

3.5 Comparison to Kodama-Ishibashi

To compare with the results of Kodama and Ishibashi [8] for Reissner-Nordstrom we turn
off the scalar field,

and we insert the Reissner-Nordstrom solution,
¢(r)=1,
S(r)=r,
alr) = | —Qri =, (3:21)
n—1
2
f(r):K—)\rz—2M @

S R R

From the decoupling condition Eq. (3.17) we see by inserting this background that the
equations can be decoupled:
1 1
Wl(,l) - 2(,2) 1 (n?-1) (K-X+@?

Wl(,l2) N Vk2 — Kn\/2n(n — 1) Q ’ (3.22)

and since we’ve set the scalar to zero the scalar sector also has only two equations, so we
can apply the same criterion and find:

W - 1 a1 (KA QY)
Wl(OQ) VK2 —Kn 2 Q .

So the equations can indeed be fully decoupled and the resulting potentials are the

(3.23)

eigenvalues of our potential matrices.
In order to compare these with KI we first have to transform them to the Schrodinger
form,

n S

150 (251 + (n—2)f8") — =22 4

Vs(r) =W(r) + < g SN) 1. (3.24)

— 14 —



We will see how this arises in the next section, and note that this redefinition drops out in
the condition of Eq. (3.17).

Computing the eigenvalues, which we shall call W | from these potential matrices in
Schrodinger form, we obtain for the tensor sector:

= 1
2 =
W = 4p-2(n+1)

(r*" (4k* + K (n — 2)n — An(n + 2)r?) + 2Mn?r" ™ + (2 — 3n)n@Q*?) |
(3.25)
which agrees with Eq. (3.7) in [8] (with A\, = k* +2(n — 1)K).
In the vector sector we obtain the two eigenvalues:

Wil) — iT—Q(TH—l) (r2n (4k,2 4 (n _ 2)n (K _ )\?"2)) o 2M (nQ 4 2) TTZ+1 4 n(5n _ 2)Q2T2)
A

Pnt1)
AW = /(n2 =1)2M2 + 2n(n — 1) (k2 — nK)Q?,

(3.26)

which agrees with Eq. (4.38) in [8] (with ky = k? — K).
Finally in the scalar sector we obtain two significantly more complicated eigenvalues:
=(0 =(0 =(0
W =W () £ AW ),

AO = /(2 Z1)2M2 + 4(n — 1)2(k% — nK)Q2, (3.27)

with WI(OQ) functions too long to reproduce here.
This again agrees with KI, Eq. (5.61 - 5.63), although superficially they appear very
different, in particular the structure of Eq. (3.27) is not visible in [8].

4 Stability

If we define @gh)(t,r) = e_ith(r)_”/Q\Ilgh) (r), and evaluate Eq. (1.1) in Eddington-
Finkelstein coordinates (2.5), we obtain the following Schrédinger-like equation,

X =0, <§8T‘ll(r)> — 2w,V (r) — (Vs(r)¥(r) =0, (4.1)
where for simplicity we drop s indices and h labels, but V¥ is still a vector with 1, 2
or 3 components for the tensor, vector and scalar channel respectively, and Vg is the
corresponding Schrodinger potential matrix, that is related to the original potential W in
Eq. (1.1) as in Eq. (3.24).

From the Schrédinger-like equation (4.1) it is possible to derive a sufficient, but not
necessary, condition for linear stability of the corresponding fluctuation [25]. We review
the argument here.

Start by defining the vanishing integral,

—— /Oo TX = /OO <_@ar (%a&) + 2iwW 0,V + C\TJVS\IJ> : (4.2)

,15,



By partial integration, this can be written as

o
I= / <i|8T\II|2 + 2iwV o,V + g@vsqf) - iilar\lf\jf‘; : (4.3)
o \G ¢
Provided WV is regular at the horizon and dies off sufficiently fast at infinity, which are
exactly the conditions for quasinormal modes, the boundary term vanishes.

From the above we obtain,

o
Im(I) = 0 = / (@I0, U + 200, T) | (4.4)
Th
where we have used that W, and thus V, is a real and symmetric matrix.

Now integrating the last term by parts we get

o0
w=o) [ 00,0 =au() - a¥(eo)P. (45)
Th
where the last term vanishes again assuming that ¥ dies off sufficiently fast.
Inserting this into I we finally obtain:

_ (=] 2 T jwl? 2
J:/ <—|8T\Il| +C\IIV5\IJ> = ——|U(rp)|*. (4.6)
rn \G wr

From this we see that wy is negative, meaning the perturbation is stable, if and only if
the integral J is positive. Since we do not know W(r), this is not directly useful. However
a sufficient condition is that the eigenvalues of V' are positive everywhere outside of the
black hole.

We stress that it is not required that although in practice it helps if the equations can
be further decoupled, it is not necessary for this argument. The only requirement is that
the potential matrix be symmetric (or more generally Hermitian), which it explicitly is for
any theory within our setup.

4.1 S-deformation

We can get something more by transforming the integral with what is called an S-deformation [8].
For some arbitrary, possibly matrix valued, function S, define

~ ¢
D=0.+=S,
Ty
Vs = Vg + % (5’ - %92) , (4.7)

~ o0 f ~ _ o~
J= / dr <—\D\IJ\2 + cwvw) .
h ¢
Provided the boundary term S|¥|?|>° vanishes and S is real and symmetric, or more
generally a Hermitian matrix, J = J.
So if we can find any S-deformation that makes the deformed potential positive every-
where, the corresponding perturbation is stable.
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In practice, if the system can be decoupled it is usually easier to first decouple and
then find an S-deformation for the decoupled potentials. However, it is also possible,
and indeed if they do not decouple the only way, to deform the potential matrix with a
Hermitian matrix &, and then try to show positivity of the eigenvalues of the deformed
potential matrix.

This was used in [26] to prove stability of Reissner-Nordstrém black holes. If an
analytic S-deformation cannot be found one can also look for a numerical S-deformation
that is regular and makes the transformed potential vanish [27].

In the following sections we find analytic analytic S-deformations to prove stability for
various specific cases.

4.2 Stability of tensor perturbations

The tensor perturbations are the simplest of all, having a potential W@ that comes only
from the eigenvalue of the Laplacian, with the additional contribution of Eq. (3.24).
We can deform this with the S-deformation

n fS’
sﬂh:_gzg, (4.8)
to obtain the manifestly positive deformed potential:
2
72 _ K
Ve = =k (4.9)

Hence the tensor modes are always stable.

4.3 Stability of vector perturbations in Einstein-scalar theory

The vector sector is already significantly more complicated and we cannot prove stability
in general.

However for specific cases we can, and curiously in the cases where it can be done, it
can be done with the same simple S-deformation:

n fS’'

W _  nrS
S =+3g

(4.10)
the negative of the tensor one.

In particular if we turn off the gauge field, leaving just Einstein-scalar theory with
an arbitrary potential, we are left with a single decoupled equation and the rather simple
potential W2(12) The modified potential becomes,

(1) _ k2 —nK

Vs = (4.11)

This is manifestly positive for K = 0 and —1, and in the spherical case k? = [(I4+n—1),

so the numerator becomes (I — 1)(I + n), also manifestly positive since in the vector sector
[ >1.
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4.4 Stability of vector perturbations of the GMGHS black hole

We now turn to a more involved application that has all the fields in our ansatz, an
asymptotically flat charged black hole with a dilaton in 3+1 dimensions, which minimizes
the action given by our ansatz (2.1), with

n=2,
V(g) =0,
(jS 0 (4.12)
Z((;S) = 46_2a¢ bl

where « is a free parameter corresponding to the dilaton coupling. For o = 0 this reduces
to the usual Reissner-Nordstrém action, while for « = 1 this is the low energy effective
action obtained from heterotic string theory.

The solution is given by [18, 19],

¢(r)=1,
S(r)y=r (1 - T) e (4.13)
)=\

<

22
a0 _ <1 _ R_> et

where R, > R_ are the horizon and singularity respectively, in which the charge and mass

can be expressed as: 2M = R, + L‘L—ng_ and Q? = Be R

For this solution, the master equations can be completely decoupled. Indeed this

was already noted in [28], where stability was also argued for by numerical inspection of
the decoupled potentials for several parameter values, although without analytical proof.
Perturbations of this background were also analysed in the small charge approximation
in [29].

Here we can prove stability analytically in the vector sector with the same S-deformation
of Eq. (4.10), and the process is only slightly more involved. The deformed potential takes
the form,

@y (1—R_jr)Tie?

v = . <2R_ (1461 (34 6l)) + 36R + 261 (3 + 61) (6r + 6R) + A
2r(r — R-) (4.14)
L AR
1+a2)’
where
A2 160101 +3) (0® + 1) R-(GR+ R) + (30R (o + 1) +2(o” +3) R_)’ (415)

(0 +1)?
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and to be able to more easily show positivity we have defined the manifestly positive, or
at least non-negative, quantities:

JR=R, - R_,
or=r—R4, (4.16)
od=1-1.

)

. o1 . . . . . .
Now in VS( 4 every symbol is positive, and there are no minus signs in the expression,

so this is manifestly positive.

To show the same for Véi), we have to show that A is smaller than the sum of the other
terms in the expression. Or equivalently, we can show that A? is smaller than the square
of the sum of the remaining terms. Simply writing this out using the same definitions as
above, this is immediately seen to be true.

In the scalar channel the equations can also be decoupled. However the resulting
potentials are very complicated and we have not been able to do a similar analytic stability

proof in this case.

5 Discussion

We have reduced the problem of linear fluctuations in Einstein-Maxwell-scalar theories with
maximally symmetric horizons to a small set of master scalars, one for each graviton po-
larization, in which everything can be expressed analytically. The equations fall into three
sectors, tensor, vector and scalar, consisting of respectively a single decoupled equations
and 2 and 3 coupled equations.

Although the potentials in the resulting master equations are rather complicated, the
form is conceptually very simple. In fact it is not clear to us why we could obtain such a
simple form, in particular with symmetric potential matrices in the coupled equations.

Furthermore, in several cases, such as Reissner-Nordstrom and the GMGHS black hole
of [18, 19], the coupled equations can be decoupled further into fully decoupled equations.
However there also exist analytic solutions, such as the asymptotically Lifshitz black brane
of [20], where this cannot be done. It is not clear to us on a general level what distinguishes
these theories.

The symmetry of the potential matrices allows one to derive a sufficient condition for
stability, and the full decoupling makes it simpler to apply.

Furthermore our way of deriving the master equations is conceptually very simple and
we believe would be rather simple to generalize to for instance other matter content. One
simply has to find an ansatz which is sufficiently, but not too, general and ask Mathematica
nicely to solve it for you.

We expect that our results can be straightforwardly generalized to include also time-
dependence in the background, as was done in [8, 12, 21]

Finally we wish to comment on the differences with the Kovtun-Starinets (KS) ap-
proach [30] to solve fluctuation equations for black-branes, a widely used approach in holog-
raphy. In appendix E we go into more detail. Instead of expressing all gauge-invariants
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in terms of a master scalar, KS single out one gauge-invariant, h;;, and decouple its equa-
tion from the others. We believe that the Kodama-Ishibashi approach that we follow has
several advantages. On a more conceptual level, one explicitly solves all the equations of
motion by solving the master scalar equations, and one can reconstruct analytically all of
the components of the metric and the matter fields. Furthermore the master equations one
obtains are covariant. On a practical, numerical, level, we find that the master equations
are more accurate in finding the quasinormal modes in several ways. We discuss this in
appendix E, along with a quantitative comparison.

In holographic studies a full quasinormal mode analysis is often lacking, especially in
the most complicated sound channel. We hope that this work simplifies this sufficiently to
make such a complete analysis more accessible and thus more common.
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Spherical Case

A convenient way to parametrize all three n-dimensional maximally symmetric spaces at

once is as X = (r1 = z,29 = ¥, 23, ..., Tn_1,Tn = z) and

dX(Ql) = da?
S S
(1 - Kx?z—i—i—l)

(A1)

dX(Q,L) = dx%_i_’_l =+ (1 — Kx%_i_’_l) dX(Q,L_l) s

where i = 2,...,n and

41 spherical
K=< 0 planar . (A.2)
—1 hyperbolic

The difficult part of the spherical case with respect to the planar is the decomposition

into the three sectors. That is, to find an ansatz for the fluctuations analogous to Eq. (3.2),

in such a way that the decomposition given in Table 3.1 still applies. Note that the very
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simple ansatz in the planar case no longer suffices because under a rotation components
get mixed.

Once such an ansatz has been found, everything else goes through in exactly the same
manner, so here we discuss this ansatz.

To find this ansatz we follow the treatment of the harmonics on maximally symmetric
spaces in Appendix B of [31].

The basic ingredient for constructing the different components is of course the scalar
eigenfunction S of the Laplacian on the maximally symmetric space D?, with eigenvalue
k2,

D?S +k*S=0. (A.3)

We can choose S that depends only on z, and the equation becomes
(1 - K2?) S"(z) = nKzS'(z) — k*S(z), (A.4)

with k2 =1(l +n —1).
With this we can immediately write the (¢,7) part of the fluctuations as (a,b € {¢,r})

hy  1/2hy,
Sgup = S(x), A5
ab (1 . ) (z) (A.5)

this piece can remain unchanged apart from the change of the scalar eigenfunction S(z).
Any vector can be decomposed into a longitudinal and transverse part,

V=V,+Vp,
D'Vr; =0, (A.6)
Vii=S.

For the longitudinal part we already have an explicit expression in terms of .S, and
furthermore since S depends only on x it reduces to a single component. This will also
contribute to the scalar sector and can be used to express hy and hy.,.

The transverse part will contribute to the vector sector and is not readily expressible
in terms of the scalar S. It must however satisfy the equation (as does the longitudinal

part),
D*Vr+ (K*—K)Vr =0, (A.7)

with a shifted eigenvalue.

As in the planar case there are n — 1 solutions, but it suffices to find a single one, since
by symmetry all should satisfy the same equations. The simplest solution to this equation
is,

VT,n = Sv(x) s VT,i = O(i 7& n) s

A8
(1 - K2%) S{(2) = (n — 2)KzSi, () — (k* + (n — 2)K) Sy (). (4.8)

Note that we had to choose the last component to be nonzero in order to avoid explicit
dependence on the other coordinates on the sphere.
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With these we can express the ai part of the metric fluctuations, where a € {t,r} and
1 goes over the remaining coordinates, as,

o hth’(a?) 0..0 htzSV(x)
09ai = (th’(at) 0..0 hTZSV(x)> ’ (4.9)

and any symmetric tensor can be decomposed into a transverse, traceless and sym-
metric part, a longitudinal part and a trace part,

T=Trp+1T,+Tr,

Trij = S;,

Tri; = DiVj + D;V;, (A.10)
D'Try45 =0,

Tip; =0.

So we already have explicit expressions for the trace and longitudinal part. The former
contributes to the scalar sector through h,, and the latter comes in two parts since for the
vector it’s built on we can take the longitudinal or transverse vector. It is more convenient
to redefine these as:

Trrij = DiVr; + DV,

2 . (A.11)
TLL,ij = DiVL,j + DjVL,i — ED VL’in]’ .

Here Tt will contribute to the vector sector through h,., and T will contribute to the
scalar sector through h_.
The transverse traceless part must satisfy the equation (as do the other components),

D*Trr + (k* = 2K) Trr =0, (A.12)

Again it suffices to find a single solution to this equation, which we have found to be,

n—1
Trrys = Trray = (1 - Ky?) ") (H(l - Kx§)> Sr(z), (Tri =0 otherwise)),
=3

(1 - Kz2?) St(z) = (n — 4) Kz Sh(z) — (k2 + 2K (1 —(n— 3)%)) Sr(z).

This component is in the tensor sector.
Summarizing, the full metric perturbation we do is,

1 S
5w = <httdt2 + hypdtdr 4 By dr® + —h+QZ-jdxldx]> S + 2 (hypdtdz + hypdrdz) S' ()
n

1 o
+ 2 (htzdtdz + hmdrdz) Sy + <§h—TLL,ij + hszLT,z'j + hszTT,ij> dxtdx’?
(A.14)

and this reduces exactly to Eq. (3.2) when K = 0.
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B Special cases

In this appendix we discuss the special cases, which are [ = 1 and [ = 0 in the spherical
case and k = 0 in the planar case. Although these cases are special, at the end of the day
if one is interested in the quasinormal mode spectrum, one can use the potentials derived
for the general case here as well.

B.1 Spherical [ =1 in vector sector

In the following derivation, we follow [32]. For [ = 1, there is no h,, in the harmonic
decomposition, therefore by, and b,, defined in (3.4) are not gauge invariant anymore. We
can fix the gauge to set h,, = 0. Then, from equations E;, = 0 and E,, = 0, we find:

’
a, <htz> o \/7(1 (I)gl) ¢

S2 )~ g T Clgny2 B.1)
S o) '
a, = ﬁq)l s
c1 being an arbitrary constant. @gl) fulfils an inhomogeneous wave equation:
1 (1 VZd
0et) — wihel) = ¢ (B.2)

ICSnJrla

where potential Wﬁ is given by (3.12) with K = 1 and k = y/n (I = 1). The interpretation
of (B.2) is the following: particular (stationary) solutions contribute to the angular mo-
mentum of the black hole (e.g. to linearised Kerr-Newman black hole in 3+1 dimensions),

whereas the homogeneous solution is the dynamical degree of freedom of an electromagnetic
field.

B.2 Spherical /=0 and [ =1 in scalar sector

At I =0 (with K = 1, so k = 0) the only dynamical degree of freedom is in the scalar
field. Naively plugging this in into our potentials, one sees that now the interaction terms
between the scalar master scalar and the others, Wéf)l) and Wég) vanish. So one is left with
a decoupled master equation for the only physical degree of freedom which is in the scalar
field, and the potential is simply the one we found, Wo(%)» which is perfectly regular for
k=0.

To obtain this result, we firstly use the fact that for [ = 0 there are no hsy, hyy, h—
and a, components of perturbations and no &, gauge vector component. Gauge invariants
defined for k? > n do not make sense anymore. Instead, we can use &, &, and \ to set e.g.
hyr, hy and a4 to zero. Making such a choice, we are left with four variables: hy, Ay, ar,

. As expected, scalar field is the only dynamical variable in the system:

0
o =a. (B.3)
This master scalar satisfies the wave equation with the potential WO(%) of the general case,
with [ = 0 plugged in, but, as well as in the vector [ = 1 case, this wave equation is
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inhomogeneous:

co(aZ' —2¢*V") L G0 (S +fin—-1)5") ¢ cong”

(0) (0)50) _
D(I>0 - WO,O(I)O = 4f§775n—15’l fcSns! o (nSn—2572 )

(B.4)

co being an arbitrary constant. The other fluctuations can be found from the Einstein
equations directly. In contrary to [ > 2, however, not all of them can be directly expressed
by a master scalar and it’s derivatives, but integration for hy and a, will be necessary:

S +2C2775¢’
- f25n—15/ fnS’

- ol

hut S22V = Z'a? —dnf'¢’) 2S¢ 2(n—Dnfé'\ (o)
1o, - )= 5 g +—sgm ~ oy +
(B.5)
_2]0"7555/a 0 4 co¢ (fnS?¢? —nSf'S — fn(n —1)5"?)
ns’ 0 fnSngn 5
ahy 1 nZ'  nS¢ (0) coCad’
atar = 2f + Ea/ <7 _ 5’/ @0 — 72](.5”_15, .

The constant ¢y corresponds to a static perturbation of the zeroth order solution (e.g. to a
shift of mass in the Reissner-Nordstrom background).

The case [ = 1 (with K = 1, so k2 = n) is special because since the metric has spin 2,
it does not have any dynamical degrees of freedom with [ = 1. This is the reason that we
see factors of vVk2 — nK in the potentials. In particular this factor occurs as a prefactor in
all interaction potentials of the gravitational master scalar with the others, so W1(,12)7 WO(?Q)

and WI(OQ) So simply plugging in [ = 1 in the potentials we have the master equations
for the scalar and gauge field fluctuations, which do have physical degrees of freedom with
[ =1, and they decouple from the unphysical gravitational degrees of freedom.

To see this more concretely, note that for [ = 1 there is no h_ component (the spherical
harmonic can be explicitly solved in this case to be S(x) = z, and the T tensor that
defines h_ is given by second derivatives of this, hence vanishing). This means that the
gauge-invariants of (3.4) are no longer gauge invariant. In particular they transform under
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the infinitesimal coordinate transformation component &, as,

!
bt — by + &, + 202, |

SS!
2(Sf'S" 4 ¢2
ber — ber + 20:0,8, — %&5& )
C(Sf's +2f57 - 2T) 5
brr — brr + f2525/2 5:5 - margm )
25 — & (B.6)
hrx — hrx + %gx - 8r§xa
/
Ay — Az — @533»
a/
ar — ap + _8t§xa
f
¢/
Y= p— sz )

but are still invariant under the other components.

So we have an extra gauge choice that we are free to make. If we take the simple
& = —52<I>g0) and plug this into equations (C.1) to (C.5) expressing the gauge-invariants
in terms of the master scalars, we see that (I)go) completely drops out from all expressions.
This confirms the fact that there are no dynamical degrees of freedom in the metric with
[=1.

B.3 Planar £ =0

Without momentum there is no way to distinguish between what at finite momentum
were different channels, and so by symmetry one expects the physics to be the same in all
channels. This is seen explicitly in the approach of Kovtun and Starinets [30], where the
equations for metric fluctuations become identical in each channel, and those for vector
perturbations become identical to each other as well.

In our results, setting the momentum to zero makes all the equations decouple. How-
ever, the potentials for a given field are not all identical. In particular, the potential for
the metric master scalar in the scalar channel vanishes, but in the vector channel it does
not. The gauge field potentials do not vanish and are not equal to each other either.

This is not what we expect by symmetry, but there is an elegant solution. Defining
Schrédinger-like potentials in Fefferman-Graham or Schwarzschild-like coordinates as®,

d*U
dr?

+ <w2 - f/s) U=0, (B.7)

with 0, = %87«, then if two of these potentials can be written in terms of a single super
potential Wg as
dWyg

dry

®This makes Vs = f(r)Vs with Vs defined in Eq. (3.24).

Vot =W2TF

+ 83, (B.8)

— 27 —



then these two potentials are isospectral, having the same set of quasinormal modes [33, 34]
(see also appendix A of [35]).
As expected by symmetry, we can write the zero-momentum potentials in this way:

- dw,
(Vo) (r) = Wi, + =22,
Tx
- (1 dWs o
(Vo)sa(r) = Wiz — =22 (B.9)
n fS'
W2 §C—S

Curiously, this super potential is exactly equal to the S-deformation we had to do to show
stability in the vector sector.
Similarly for the gauge field we can write the potentials as,

- dWs 1

(Ve){(r) = Wy + =2,
T

~ (1 dWs 1

(Vo) (r) = Wgy — == (B.10)
Tx

fS/ f¢/Z/ fSG/QZ
S 205 20Z  (Sf—2fCS"

C Scalar sector master scalars

The relation between the gauge invariant fluctuations in the scalar sector and the master
scalars is as follows. For the scalar field and gauge field they are, using k = Vk? — nK and

n=+/(n—1)/n,

1 kE S¢'
o= Loy £ 5040

N4 0 nik S’
V2 S¢

o 1 8%,

aT = ———a (I) - = 6 (I) 9
N T A B
1 Sd 1 (1.2Q gl / 2 274\ 5 (0)
= - —n(n— C.1
0= g (nS' (K*Sf +2f5" ((n—2)k* —n(n—1)K)) + 2¢°k*) @, (C.1)
f 2 182 100, 2V2 (0)
\/§ / 2 12 11\ 7 (0)
+-=(28'Z (nS?a?Z+D(n—1))+DS¢'Z") 7" | .

k

Note the factors of 1/n which, here and below, always occur in front of the gravitational
master scalar, indicating the fact that in 3 dimensions there are no dynamical degrees of
freedom in the metric. For n = 1 there is no h_ component and with the same procedure
as in appendix B.2 above we can show that the same potentials apply to this case.

For the metric fluctuations, we can first express by, directly in terms of the others,

2n SS'f

4
ber = 20400 + k—72752¢,/at¢ w2 ez e (C.2)
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The remaining three are as follows,

2 2
Brr = — C 7 (~vioFe) + Vicka VZ@)e{") + ’iQCSMéO’

ik fS'

k C2 / ’ 2 ql / ’ l
+~kDfQS/2<2‘SfS <2f52 C2k‘2>—5'2f252+4f(—fS4—|—C252(k2—(n—1)K)+%k2g252¢2
N 2,2 (0)

2n.7-"S S'¢ )><I>2 )

(C.3)
2
hrx = Q 2\/ﬁC¢/‘I)60) - Qnsla/ﬁq’go) + ~1~ 3287«(I)g0)
D k kk (C.4)
1 ¢3S 1012 gl ' Yr _ 4,2\ 4(0)
= S,fD(nS (K*Sf+2fS" ((n—2)k*—n(n — 1)K)) +2k*(*) @,
___fs 19,60 4 2V20 )
htt_\/ﬁDQC\/_< AnCSfDVZ$ 0,9, . nSSfDZ 0, P;

+g\/2{[2n(4 £S5 (n(n —2)S” f+ (X (k*~n(n—1)K)) —25 f'(n(n—3)S*f+k*¢?) —nS> f’ZS’)] &
+80?DZ'—2¢25 (—nS'F + 22 V' + 42 SPfF ¢ + 4nn.S2S' fa'2¢'z}q>g°>

2
- _\/k_” a'{2 fn?S?Z%a”S” + fnSS'Z' (—nS'F + 2C°k?) ¢ + 4f Pk S* Z ¢

+2Z[2 Fn =12 —nSf'S" (f(n — 3)nS™? + (?k*) —n2S? 25 —2f(*nS” (kK*+n(n — 1)K) +2C4k4}

}q)g())> o ~i]; SfoQaTQ(I)gO) B ~ZkDf?3 f ( fn5</5/+f<(n_2)n5/2+2C3k2) +Cn52f1251
n

—2f (£¢n?S"™ — fnSC'S? + ¢3S (K2(1 - 2n) + K(n — 1)n) + Ck2SC') | 9,95

P
nikk S'D?

{—k2n233 fP8"% +2nS? 28" (fnS™ (2K (n — 1)n — 3k*(n — 2)) — 2¢°k?)
+4Sf’[fn5'2 (fnS'2 (—2n(n — 4)+9)k? +2n(n — 1)(n — 2)K) +C%k? ((7—3n)k2+n(n—1)K)) —CkS
+8f5' [fns’2 (fnS? (n(2n—5)+4)k* —2n(n—1)°K)+(*(—((n—3)n+4))k*+n(n— DK k*n*(n—1)2K?))

+C4k4 (k'2 _ n(n o I)K) + n ; 1]%2f52(n2za/25/2 + 2k,2,'7c2¢l2):| }@g))

(C.5)
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D Transformations

D.1 Regge-Wheeler gauge invariants for the scalar sector

Firstly, let’s remind slight difference between using Detweiler gauge and using Detweiler
gauge invariants: Detweiler gauge is a certain choice of gauge, where we put all the scalar
sector metric coefficients apart from hy, by, by, hrp to zero, whereas in Detweiler gauge
invariant formulation, we work with htt7htr7 hw, h%, af) , ? , P, which do not feel gauge
transformations at all (from now superscripts D and RW correspond to Detweiler and
Regge—Wheeler respectively). Importantly, in Detweiler gauge non-zero quantities corre-
spond exactly to Detweiler gauge invariants: hf} = b, hP =2 hD =62 h2 =pP oP =
aP,aP = aP, P = P (compare with 3.4), analogously for Regge—Wheeler.
Regge-Wheeler (RW) gauge invariants are another set of gauge invariants which can be
build in a way described in 3.2. In principle, we could build them from the beginning, by
“dressing” h, hir, by, By, at, ar, @ with the remaining metric components to make them
gauge invariant. However, RW gauge invariants, as well as any other set of independent
gauge invariants in this sector, must be function of Detweiler gauge invariants. To find
this relation, we use the previous observation, that in the Detweiler gauge non-zero quan-
tities correspond exactly to Detweiler gauge invariants, the same for RW. It means that
it’s sufficient to find the transformation between Detweiler and RW gauge and translate
it into relation between gauge invariants, which reduces to moving from hf = 0 and
hE # 0 to hRW # 0 and AW = 0. It can be done by acting with a gauge vector
¢" = (0,h2,,0

D 0,..,0)e’*. Finally, the relations between Detweiler and RW gauge invariants

read:

I

CQ 'ra: )

W =pD —20,h2 |
HEW =p2 + (2—C—£>b — 20,42 |

bV =hf + =5

¢  f
—onfSs’
2 (D)
fa
o —ap - s
aﬁW :a? )
/

D.2 Transformation between Fefferman-Graham and Eddington-Finkelstein
coordinates

Potentials in master equations (1.1) have the same form for both Fefferman-Graham (FG),
or Schwarzschild-like, and Eddington-Finkelstein (EF) coordinates. The difference in equa-
tions appears only in the form of laplacian - for numerical purposes it’s probably more useful
to use EF coordinates, since master equations involve only first time derivatives then.

— 30 —



How to express Detweiler gauge invariants in EF coordinates in terms of Detweiler
gauge invariants in FG coordinates? (Again, these are distinct quantities related by some
functions). Let’s start with linear metric and gauge vector perturbations, which transform

as:
hEF LaLﬁhFG
e _pagta (D2)
a, :LZ‘aaG,
where
1-%0
(LH)=101 0 |. (D.3)
001

Since we already know how to express h,, and a, by Detweiler gauge invariants, we can

use the transformation rule (D.2) to express b,?l,EF and a,” DEE 1y [)D FC and aD FG For
vector sector it reads (we need to add another superscripts: F'G or EF' and in vector sector

we can omit D and RW, since they are the same):

EF _ (FG

tz — Ytz >

EF __ (FG C FG

rz — Yrz _?btz ) (D'4)
P = alG

and for scalar sector:

D,EF _ D, FG
htt - htt

)

D.EF _ DFG _ oG D.FG
htr - Ytr -2 b

e

2

pDEE _ pDFG S D.FG <£> D,FG

f tr f tt ’ (D5)
hD JEF hD FG
D,EF _ _D,FG
ag =a
aDBF _ qDFG _ ¢ aDTG

!

. . . . RW,EF
RW gauge invariants transform analogously as (D.5), with one difference: by =

RW,FG.
by

D,EF .
in terms of master scalars

To fully move to EF coordinates, namely to express b,
like we did for FG coordinates ((C.1)-(C.5)), one should transform derivatives as well:

Oy — O, O — O + %8,5. For example, gauge invariants in EF coordinates in vector sector,
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express by master scalars in the following way:

pr_ 1SS /52 )
P = l22 o) 4 L2 5 ¢
! ¢ : ¢
50 29 o)
hEF = —5%0,0) — nss' L)

S

EF 1)

a; k2 —nK—;" .
vZ !

Having transformation rules from this paragraph and from (D.1) one can move from

(3.7, (C.1)-(C.5)) to the desired gauge and coordinate system without performing calcula-
tions from the beginning.

E Quasinormal modes of AdS planar black holes

In this appendix we derive master scalar wave equations for gravitational black brane
perturbations in our approach. To ease the comparison with the Kovtun-Starinets (KS)
approach [30], widely used in holography, we stick in this section to KS notation and discuss
in detail the scalar (sound in KS terminology) sector of perturbations. The background
line element, eq. (KS-4.2), reads

ds* = a(u) (—f(u)dt2 +da? + dy* + dz2) + b(u)du? (E.1)
with P2 =
a(u) = ("”02 Vo amd bw) = IOk (E.2)

where u is the AdS bulk variable (with the planar black hole horizon located at v = 1
and AdS boundary at u = 0), f(u) = 1 —u?, R is the AdS radius and rq is related
to black hole temperature: T = rqo/(7mR?). We take gravitational fluctuations in the
form hy, (t, u, 2) = hyw(t,u)e™?. Under a gauge transformation induced by a gauge vector
£t u, 2) = €, (t,u)e* these fluctuations transform as

huw = by — V& — Vo€, (E.3)

There are seven components of i, that enter linearized Einstein equations in the KS sound
sector, namely Ay, Ny, Doy Pz, Nizy By, and h = hyy + by, and out of them four gauge
invariant characteristics of fluctuations can be constructed. The Detweiler gauge invariants
(i.e. gauge invariants obtained by dressing hy, hiy, hyy, and hy, with linear combinations
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of hiy, h,,, and h and their derivatives) read:

.htz hzz

Oue = b+ (f(u) + 5(&)) f’(u)> h+ %htz sl (E.4)

o =t = = (S0 + EE b 2 (s + 72 (i + ) )

a(u)  f(u) 2d/(u)  4¢* \a(u) ~ f(u)
G i
= - S0 L)~ 1), (.6
bue = s — %h " <§ibgz) - Za((z))) po e (E7)

(and by corresponds to KS Zs, cf. eq. (KS-3.12)). Indeed, it can be easily checked that
the above expressions are gauge invariant, and moreover when (E.4-E.7) are solved for
hit, hyus hiw, and hy,. and these solutions are substituted into Einstein equations E,, :=
R, + %gw, = 0, all gauge dependent terms drop out at linear order and the linearized
equations read:

3u (u2 — 1) . ¢*R?*u iqgR?u 9
E u = T 159  Yuu z O h v) = O, E.8
t R2 b + 2?”(2) htu + 2?”(2) bu + ( o ) ( )
By, = 2iq (u® — 1) u?hyy — 2iq (u? — 1) ub), — diquPhy, — 2 (u? — 1) u?hl,,
+0 (h3,) =0, (E.9)
R?u . 2u (u? — 2 2R%u 4 (2ut —4u? +1
Euu:_2 D) 2 huu+ ( 2 )h;u‘F a 2 + ( 3 3 ) huu
rg (u? —1) R 22 RZ(u2 —1)
R? (2u2 - 1)h + R*u [']/ R?u 1" R? (u2 B 2) h/
7“8 (ug - 1)2 tu T(Q) (u2 _ 1) tu 2?"(2) (u2 — 1) tt 27"(2) (u2 — 1)2 tt
R?u (u* - 3) iqR*u,,  iqR* (2u® — 1)
2T P g et aa oy te t O () (E-10)
iqu (u2 — 3) iqR?u . iqR*u p iqR>
By = wu T u +
T T T R T PRy
R?u ..
wz+ O (h,) =0, E.11
sty + 0 (1) )
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drgu? (u? —1)% (u2 + 1) 8rau (u — 1) (2u* — u® 4 1)

RQEtt = Ri h;u + 2U2 (U2 - 1) huu + RA Huu
2 p4 4 2
¢Rv  u*+6u”—3
—u (u? +1) by + 2u® (u? — 1) ;’t+< 27 o >htt
—2u (u2+1) Bru — 4u? (u2—1) ﬁgu—%qu (u4—1) hzu“‘O(hiy) =0, (E.12)
arg (u2 —1)%u? 2 (u2 = 1) u (PR + rg (8u® + 4 .
BBz = = TO(UPA L o, = < Jula ij*"’"o( S ))huu+2uhtu
2 pd 2(,2
¢ Ru+2rf (u"+1 . .
— ubjy, + ( 212 (UQO_( 0 ))htt — dig (u® — 1) u?h,, — 2ig (3u® + 1) uby.
+0(h2,) =0, (E.13)
22 (u2 - 1)°p,,  8ru(—2ut +u2 +1 .
R? (Bze + Eyy) = — fo® (UR4 ) L ?"Ou( uR4 “ )huu+2uhtu
2+1
—Uhéﬁ(Z%l)httHiqu (u*=1) by + O (k) =0. (E.14)

Now, we make our ansatz that the gauge invariant characteristics of perturbations are
given in terms of linear combinations of a single master scalar ®(¢, u) satisfying scalar wave
equation on the background solution (E.1), namely

(O + V)®(t,u)e"* =0, (E.15)

where [J is the scalar wave operator corresponding to line element (E.1). Plugging such
ansatz into linearized Einstein equations (E.8-E.14) one gets uniquely defined formulas,
namely

8 (ro/R)?
3u? (292 + 3u)?
—3uf(u) (29* + 3u) ((49% + 3u® + 3u) 0, (¢, u) — uf(u) (29% + 3u) Fuu®(t, u))]

(E.16)
3uf(u) (29% 4 3u) Op P (t,u) + 2 (—129% f (v) + 99% + 9u® + 2q*u) 8, (¢, u)

Byt = 297 (69 f () + 69 + 9u® + 697w + (49" — 27) u® + 27u) ®(t,u)

_ D2
bu = B 302F (0) (24° + 3u)
(E.17)
Y 297 (29%u + 3) 1
Bou = 2ir0q <3uf(u) T 3u><I>(t,u) - aaucp(t,u)) (E.18)
o407 [— (492 f(u) — 297 — 3u®) D(t,u) +uf(u) (207 + 3u) 0P (t,u)]
P = F 3u2 f2(u) (292 + 3u) (E-19)
and 89% (29 + 3u® + 6¢*u® 4 9u)
y— 24 1 , (E.20)

R2 (242 + 3u)?
where q = ¢/(27T) = qR?/(2rg), cf. (KS-4.6). Now, from the master scalar wave
equation (E.15) quasinormal modes of the planar black hole can be effectively computed
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with [36] algorithm. The key point to be noted is that the scalar wave equation (E.15)
is by definition covariant i.e. once the form of the potential is found in one coordinate
system, for example (E.1) used here, it can be easily transformed (as a scalar) to any other
coordinate system.

Now we compare the KS and KI approaches for doing numerics, where we focus on
the approach of discretizing the QNM equation on a pseudospectral grid and computing
the generalized eigenvalues, an approach first used in gravity in [37], and which is used in
the publicly available package QNMspectral[36].

First, the only time derivatives come from the Laplacian, which in Eddington-Finkelstein
coordinates gives a linear dependence of the equations on the quasinormal mode frequency.
This is of great practical convenience, since it naturally has the form of a generalized eigen-
value equation when discretized. In contrast, the KS approach introduces higher orders of
the frequency into the equation through the decoupling process, up to fourth order in the
sound channel. In order to turn this equation into a generalized eigenvalue equation one
has to linearize it in the frequency by introducing extra functions wP® and writing it as
a coupled system of equations, effectively increasing the size of the matrix by a factor of
four.

Second, from the KS equation one obtains a lot of numerical artifacts near w = £k,
which are approximate solutions of the discretized equation but not physical solutions. In
the KI form these are completely absent.

Finally, at the same level of numerical accuracy the KI equations give much more
accurate results for the physical frequencies, even when disregarding the factor 4 increase
in matrix size due to the higher powers of the frequency.

As a quantitative illustration we compute the QNMs at g = 1 using both equations,
with the package [36]. From the KS approach we use (KS-4.35) with the replacement
Zo(u) = u2(1 — u)"“/2Z,y(u), so that the normalizable and ingoing mode is regular at
both endpoints. From the KI approach, we use Eq. (E.15) but in Eddington-Finkelstein
coordinates ds? = — f(u)dt? — 2u=2dudt + u~' (dz? + dy? + dz?), with f(u) = u=2(1 — u?).
The potential is simply Eq. (E.20) with the replacement u — u?. We also have to rescale
the master scalar as ® = u?®, where now the non-normalizable term goes as ® ~ log(u)
and the normalizable term goes to a constant.

For both we use N = 40 grid points and check for convergence by comparing with the
same computation at NV = 50 grid points. so we are comparing the eigenvalues of a 40 x 40
matrix to a 40 x 40* matrix. Illustrating the points made above, the KS computation
takes about 150 ms versus about 10 ms for the KI computation. The KS computation
has many unphysical poles around tv = 1 while the KI has none. Finally we show the
physical modes that are visible with this accuracy in Table 3.

A final curiosity is that as one takes the zero-momentum limit in the planar case, one
obtains different potentials for different helicities, even though without any momentum
these can no longer be distinguished. On the other hand in the Kovtun-Starinets formalism
one obtains identical equations independent of the helicity, only of the type of field (metric,
gauge field or scalar). It turns out however that these different potentials actually give rise

,35,



! o;
+0.7414299655 — 0.286280007 27
+1.733511095 — 1.343007549z
+2.705540 — 2.357062i
+3.689 — 3.364i
+4.7 — 4.4

Blw| |~ o

Table 3. QNMs in sound channel of AdSs-Schwarzschild black brane at momentum q = 1. Full
results are computed using the KI approach, only showing converged digits. Underlined digits are
what is visible at the same numerical accuracy using the KS equation.

to the same spectrum of QNMs (as tested in Reissner-Nordstrém backgrounds in various
dimensions), so the potentials are iso-spectral.
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We develop a nonlinear perturbation theory of Reissner-Nordstrom black holes. We show that, at each
perturbation level, Einstein-Maxwell equations can be reduced to four inhomogeneous wave equations, two
for the polar and two for the axial sector. The gravitational part of these equations is similar to Regge-
Wheeler and Zerilli equations with source and additional coupling to the electromagnetic sector. We
construct solutions to the inhomogeneous part of wave equations in terms of sources for Einstein-Maxwell
equations. We discuss the £ = 0 and £ = 1 cases separately.

DOI: 10.1103/PhysRevD.100.044017

I. INTRODUCTION

Perturbative methods play an important role in General
Relativity. They find application to stability analysis,
gravitational radiation, cosmology, rotating stars, the accre-
tion disk, self-force, etc. Sometimes linear analysis gives
sufficient insight into physical phenomena, but sometimes
going beyond linear order can change qualitatively linear
predictions (e.g., the Bizof-Rostworowski conjecture of
instability of anti-de Sitter spacetime [1]). In this paper, we
study nonlinear perturbations of spherically symmetric
solutions to Maxwell-Einstein equations. Linear perturba-
tion theory of the Schwarzschild solution was formulated
by Regge and Wheeler [2] and Zerilli [3] and then
generalized to a Reissner-Nordstrom black hole by
Zerilli [4] (see also Refs. [5-8], and [9]). Perturbations
of Reissner-Nordstrom have also been recently discussed
in the context of stability of the Cauchy horizon (issue
crucial for the strong cosmic censorship conjecture; see
Refs. [10,11], and [12]). All of these calculations are,
however, only linear (or numerical only), and there was no
robust procedure to move beyond linearity. Master equa-
tions from the present article provide a straightforward
procedure to move beyond first-order estimates; at higher
orders, there are still only wave equations (now inhomo-
geneous) to solve.

Taking into account higher-order perturbation terms
makes the computations significantly more difficult;
equations at each order beyond linear include all the
previous-order terms. This issue has been treated by some
authors—e.g., second-order perturbations of Schwarzschild
were studied by Tomita and Tajima [13], Garat and Price
[14], Gleiser et al. [15], Nakano and Ioka [16], and Brizuela
et al. [17]. Recently, Rostworowski [18] provided a robust
framework to deal with nonlinear (in principle of any order)
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gravitational perturbations of spherically symmetric space-
times. The present article is an extension of Ref. [18] to both
gravitational and electromagnetic nonlinear perturbations of
Reissner-Nordstrom black holes. It also generalizes Zerilli’s
master equations [4] to any perturbation order.

Our approach is based on assumptions similar to those
from Ref. [18]. We rewrite them explicitly here, since there
are some differences:

(1) At each perturbation level, there are four master
scalar variables, two in the polar and two in the axial
sector. In each sector, they fulfill a system of two
linearly coupled inhomogeneous (homogeneous at
the linear order) wave equations with potentials.

(2) Ateach perturbation level, Regge-Wheeler variables
and electromagnetic tensor components are linear
combinations of master scalar variables from the
suitable sector and their derivatives up to the second
order. At the nonlinear orders, one needs to include
additional functions to fulfill Maxwell-Einstein
equations.

(3) At the linear level, relations from the previous point
can be inverted to express master scalars as combi-
nations of Regge-Wheeler variables and electromag-
netic tensor components. At the nonlinear level, we
take the same expressions for the master scalar
functions.

In our considerations, we restrict ourselves to axially
symmetric perturbations only (going beyond axial sym-
metry is a straightforward procedure, that conceptually
adds little to this paper). During calculations, we stick to the
Regge-Wheeler (RW) gauge. For practical implementa-
tions, after finding a solution in the RW gauge, one should
move to an asymptotically flat gauge to ensure regularity of
higher-order source functions (see Brizuela et al. [17]).

The paper is organized as follows. In Sec. II, we briefly
introduce the Reissner-Nordstrom metric, and in Sec. III,
we discuss the general form of perturbation expansion of

© 2019 American Physical Society
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Einstein-Maxwell equations. In Secs. IV, V, and VI, we
remind the reader of polar expansion in axial symmetry,
discuss gauge choice, and present source identities. The
main result of this paper, namely providing inhomogeneous
wave equations for Finstein-Maxwell equations of any
perturbation order, is contained in Sec. VIIL

II. BACKGROUND METRIC

The Reissner-Nordstrom solution describes a static,
spherically symmetric black hole with an electric charge.
In static coordinates (7€ (—o00,0),r€ (r,,),0 € (0,x),
¢ €0,2x)), its metric is given by (we use G=c=4ney=1)

1
g = —Adt? +Zdr2 + r2dQ2, (1)

where A=1-2 49, =M+ /M2~ Q% and M
and Q are mass and charge of a black hole, respectively
(we assume |Q] < M). Together with an electromagnetic
tensor ' with only nonzero terms F,, = —F,, = £, metric
(1) solves Einstein-Maxwell equations,

R/w = SﬂTﬂD, (2)
v, =0, (3)
Fl =0, (4)

where V and I_QW are, respectively, the covariant derivative
and Ricci tensor with respect to the metric g and the comma
denotes a partial derivative. T, is given by

- 1
T

I T
w — E (F;szo/l __gﬂuFaﬂFaﬂ) (5)

4

III. GRAVITATIONAL AND ELECTROMAGNETIC
PERTURBATIONS OF EINSTEIN-MAXWELL
SYSTEMS

Let us assume that metric g and electromagnetic tensor F
solve Einstein-Maxwell equations (2)—(4). Now, we seek
for new solutions g and F that we expand around g and F
with respect to the perturbation parameter e:

gﬂl/ = g/u/ + thﬂvei’ (6)
i>0

Fou=Fp+ S 0f el )
i>0

We plug (6) and (7) into Einstein-Maxwell equations, to
obtain their perturbative form of order i,

AL(iJhW — gﬂ(i)tw = (i)Sgw (8)

vﬂ(i)f/w - (g, = (sM 9)
<i)f[/w~ﬂ] =0, (10)
where

] 1 avy (i vAvA( i),

AL Ohy, =5 (=Y Ohy, =V, 0hG = 2R, 0 R
+V, VO, +V,V*Oh,,), (11)

Wy —olvp  pa _ Yy s
t;,w - awt v) — 5 fa/} G

L\,
+ (EFa(r ﬁﬁg/w - F;AaFyﬂ> mhaﬁ

T*,), (12)
(i)®u = gaﬁ(F(w(i)(SFZﬁ + F/}ﬂ(i)érgu)f (13)

(i) Z[} = Egms(_vémhaﬂ + v0(<l)h/j¢3 + Vﬂ(l)h5a>' (14)

Tensor sources (">Sfb and vector sources ()SY are expressed
by U<dh,, and U<)f,: therefore, perturbative Einstein
equations should be solved order by order (see Appendix A

for the construction of sources). For i = 1, both sources
vanish.

IV. POLAR EXPANSION

In a spherically symmetric background, in 3 + 1 dimen-
sions, vector and tensor components split into two sectors
that transform differently under rotations: polar and axial
(for the details, see, e.g., Refs. [2,3,19,20]). Symmetric
tensors have seven polar and three axial components, and
antisymmetric tensors have three polar and three axial
components. Below, we list expansions of all the compo-
nents of both symmetric and antisymmetric tensors and of
vectors in axial symmetry (P, denotes ¢th Legendre
polynomial).

The symmetric tensor, polar sector is

Sap(t.1.0) = Srap(t.r)Ps(cosO), ab=tr,  (I5)
0<?

Sao(t.7.0) = Sra(t.1)0pPs(cosO)., a=tr,  (16)
1<z

Spo(t. rﬁ))

1
’ S t’ 79 .
2( oolt:1.0) + sin’6

= ZSﬁ(t, r)Ps(cos0),

0=z
(17)
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1 S¢,¢(t,i",9)
o (Swteror =250

= S, (t.r)(=t(e+

28

1)P,(cos@) —2cotfyP,(cosh)).

(18)

The symmetric tensor, axial sector is

Sap(t.7.0) = "Syy(t.7)sin0yPy(cosO), a=t.r,
1<¢
(19)
Sop(t.7,0) ZS,;M t,r) £+ 1)sinOP,(cos0)
2<¢
—2c0s 00yPs(cos0)). (20)

The antisymmetric tensor, polar sector is

Au(t.7.0) = Agy,(t.r)Ps(cos ), (21)
0<?
Agp(t.1.0) = Asi(t.1)0pPs(cost). a=tr. (22)

1<z

The antisymmetric tensor, axial sector is

Auy(t.r.0) = ZAfmﬁ(t, r)sinfd,P,(cos), a=t,r,
1<z
(23)
Agp(t.7.0) =3 "Asgy(t. 1) sinOP(cos0).  (24)

0z

The vector, polar sector is

Vu(t,r,0)= ZVfa(t, r)P,(cos6), a=tr, (25
0<¢
Vo(t,r,0) = ZVM(I, r)0gP(cos 6). (26)

1<z

The vector, axial sector is

V(t.r.0) = Vyy(t.r)sin00,P,(cos0).  (27)

1<z

24 204,
(A/Jr r) IS¢+ = M 140,088, —

6 Sftt

Since the background is spherically symmetric, differ-
ential operators acting on (i)hﬂu and Of 4w do not mix axial
and polar sectors; therefore, Einstein-Maxwell equations
split into two sectors as well: there are seven Einstein and
three Maxwell equations in the polar sector and three
Einstein and one Maxwell equation in the axial sector. In
our paper, we consider separately £ > 2, £ = 1, and £ = 0.

V. GAUGE CHOICE

Under a gauge transformation induced by a vector X*,
tensors transform as #,, — t,, + Lxt,, (see Appendix B for
the explicit form of transformations). Throughout the
paper, we use Regge-Wheeler gauge [2]; namely, we set
Dhyyys Dhy,g, and Dh,_ to zero in the polar sector and
p 10 = 0 in the axial sector. It turns out that variables we
use correspond exactly to RW gauge invariants; therefore, a
result for £ > 2 can be read as expressions for RW gauge
invariants. However, throughout the paper, we stick to fixed
RW gauge because the discussion of £ = 0 and £ = 1 cases
is more straightforward then. When the background quan-
tities § and F fulfill Einstein equations, the left-hand sides
of perturbation equations (8)—(10) of order i do not feel
gauge transformations of order i, but source functions (i)SfV
and (i>S,§;,, depend on the gauge transformations of order
j < i explicitly, so such a formulation is not fully gauge
invariant. This, however, is not a problem, since equations
are solved order by order and for the practical implemen-
tations one goes to the asymptotically flat gauge before
moving to the next order anyway.

VI. SOURCES FOR EINSTEIN-MAXWELL
EQUATIONS

Sources ()Sf w and ()SY are built of U )hfw and U)f ‘.
with j < i. These sources are not independent but fulfill
five identities:

guige _1

V,08¢" , —2Fr (OsM =0, (28)

[\)

VvriIsM =0, (29)
which come from the Bianchi identity and contracted
Jacobi identity for tensor F,. One can check that they
hold using (8)—(10) directly. The explicit form of identities
(28) and (29) for polar-expanded sources in the polar sector

reads [we introduce 7 = /(£ — 1)(¢ + 2)]

£ +1)

Aa Sf rr 2 @ ) ftf) 8 S =0, (30)
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2A 2 (1 + 0, :

< o r >(>Sfrr 1Q4 lS a an—l— Aa Sfrr_ 5' Sftr_¥(l)sfr6‘ (Z>S?+ =0, (31)
2A 1 1 | 2
< "+ r ) S?ré) + 4 Sf it A Sf rt Aarsrﬂ - Kat(l)s(f;té) - T_z (l)SG— =0, (32)
24\ . . | 2+ 1
( X )wsy, + 40,05, — Lo sy, CCE D g, o, (33)
|
and in the axial sector reads % (% O, — A(i>hfrr> _ s, =0, (39)
(i) G
( '+ 2A) 008G,y + AD,1SG , — T . .

r A We use relations (38) and (39) to eliminate ()f ¢, and Oh,,,
2()gG Sop from Eqgs. (35) (37). Then we are left with five variables:

——z 0 BGY Onpy, Opyy, Ong ., Of,, and OF

VII. GRAVITATIONAL AND
ELECTROMAGNETIC PERTURBATIONS

Now, we polar expand Egs. (8)—(10):

OE,,, = A Ohsy, — 8201y, =0SZ . (35)
D, = vﬂ(i)ff;w - g, = 0sy (36)
Of  uwa) = O. (37)
A. Polar sector, £ > 2
First, from (37), we have
O tir = 0. r19 = 0,f 10, (38)

and from VE,_,

(—VZA/Z _

2A(=2A+ (£ + 1) +2) + 2(€ + 1)?)

Remaining equations can all be fulfilled by introducing
two master scalar variables (/@7 and ("W7 which solve a
system of two coupled inhomogeneous (homogeneous at
the linear order) wave equations [21]:

(i)

- <I>
r(=U+ Vg )—+ £+ VMGf< W? <)SGf7 (40)

(0)

- lP N~
r(=0+ Vi) —5+ Vi W0f = U84, (41)

Following the idea of Ref. [18], we express leftover
variables by linear combinations of master scalar functions,
their partial derivatives up to the second order (to solve
homogeneous part of Einstein-Maxwell equations), and
additional source functions (to solve the inhomogeneous
part of equations). These combinations and potentials ng,

v ,, and V) ., are defined uniquely:

80272A

Ve, =2Vl = . 42
Ge =T V6= P(rA’ =24+ £(¢ +1))? r(rA' =24+ £(2 + 1)) )
p _ —TA+L(0+1)  40°QAQRPA + 7 +40%) — A7 —4r°A? + (£(2 4+ 1))
Ve = 2 + 6( A 2 ) (43)
r ro(rA' =2A+¢(¢ + 1))
. 2tQ2A(PA" + 402 —212) — A2 + (£(€ + 1))
VP, =0T, = tQ(2A(r Jg Q, rr)-r +(2 (Z+1)) r)7 (44)
rPrA’ =24+ (¢ + 1))
. 4 A’ 7 . 27Q0 , .
D, — —rd, O®P 1 (T2 _ 9.00pP _ ' (P 4 (i) 45
e =0 S o A e+ 0)) Y T — A ce 1)) et ()
. . 2 A’ A’ 4 270 .
D, =—r0. DDP 4+  — ‘ i PRON Y4 (O®P + — ()P
tu =10, f+( rA'=2A+£(£+1) 24 O +2A Ve )N+ r(rA'—2A+f(£+1))8’ ‘
-
+2A MGflle—i_ ﬂf’ (46)
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DA(rA'=2A+2) _ f(f + 1))
A A AT A 2:0A 4 .
h,, = —Ad.(DDP (’A 2ATAEHD ()P _ (P 4 (0) 47
£+ ar ),”+ 2 4 r2(rA/_2A+f(l/ﬂ+1)) f+ Yes ( )
) A . A A .
Of 10 = Zrar(l)\p? ¢ 8 o7 + ZQz O? + h,, (48)
i Q i
Of prg = 3 7 — A 57 07 + e, (49)

At the linear level, Va, = Vg, = (Vy, = “)/1,5) = U, = WSE, = (V5P = 0 and relations (45)—(46) can be inverted to
express (1)q)7; and (”‘Pf as functions of <")hfm, and ( f ¢u- At higher orders, we treat linear level expressions for (Uq;? and
(VY7 as definitions of (/@7 and (M7

(P — 4rA(rd,Ohey = AWhg,,)  2r0h,, (50)
T+ D) A =24+ L(C+ 1)) £(E+1)]
(P _ 4r2(0, r19 = 0. £19) 8QA(r0, ", — AVhy,,) (51)
6+ 1) ¢+ 1) (rA’ 20+2(€+ 1))

Having these definitions, we may express the left-hand side of (40) and (41) as combinations of (">E5W, )] ,,, and their
derivatives. Finding these combinations, we use (35) and (36) to build sources for wave equations:

WFP — _ AN (e*r* +40%)Sg,, 40SE (2rA" — 4P A + (£(£ + 1) +2)r* — 407)
¢ 26+ Dr(rA =24+ £(€ 4 1))? (€ + Dr(rA =24+ £(€ + 1))?
N 840,S¢ | N 8AWSE _4rvE,sg
€+ 1)rA =24+ £6(€+1)) rA=2A+¢(¢+1) £(6+ 1)
i) oG 0°(84) P .
4087 Gy — A = Vie) 1600)sY, (52)
(0 +1) C+1)(rA =24+ 24(€+ 1))’
£+ 1) e (64 1) ;)
( )r(’)SZZ: ( )()Sﬁf
4 4
2 r2(rA 2A+2 2
0,(0sM — y29,(0sM (M (2 — 80 + B0(~ ~ 01087,
' r ! r(rA"=2A+7¢(¢ + 1)) r2(rA’ — 2A+f(f+ 1))
8QA2()SG  (DUAARACND) 4 g2y 4p(¢ +1)0A0SE , 4040,118¢
rP(rA =2A+¢(¢ +1))? r(rA’ =2A+7¢(¢+1))  r(rA' =244+ ¢(¢ +1))
igG (A’ 2(i) oG P (i)¢G
+20A'9,008¢_ + 200 A+ Vi) | 20A0200SG zQa’A DB TR (53)
r T

(ST, and (S are given uniquely up to the source
identities (30)—(33). We introduced auxiliary quantities ‘A/gf,
Ve and (087, which are nonzero (or nonsingular)
for = 1.

At the nonlinear level, part of the solution (45)—(49)
consisting of master scalars V®2 and (W7 and their
derivatives fulfills the homogeneous part of Einstein-
Maxwell equations (35), (36), and (37) Whereas part of
(45)—(49) consisting of functions ( OB, Oy, D), and
(k, is responsible for the 1nhom0geneous part of the
Einstein-Maxwell equations. To find these functions, we

|
plug (45)—(49) into Eqgs. (35) and (36) and into definitions
(50) and (51) to ensure consistency. Then, we solve these
equations for Va,, B, Oy, (13, and )k ,. These functions,
as well as scalar sources for wave equations ('S7, and S},
are defined uniquely [up to the source identities (30)—(33)]:

2r2(r?A208G  + 208G, + 2A0SG
6+ Dr(rA =24+ £(¢ + 1))
16Q%ASS
L+ D)PA =28+ (€ + 1))

+)

(Dgy = —
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: 27086 9,0
g, = fur Tt 55
be r(f(f+1)+ A ) (53)
. D, + Vg, Do (rA + £(£ +1
(l)yf _ rar Ay + ayp _ af(r + 2( + )) , (56)
A 2A
2(i)gM (i) ¢G
(i)Kf — r Sfr 2Qat Sﬁ , (57)
C+1) AL +1)
. 20sM 2040,
D1, = ! 0 (58)
f(f+ ) f(f—F )

B. Polar sector, £=1

For # = 1, there is no S,_ coefficient in a symmetric
tensor decomposition; therefore, we do not have a (i)hf_
metric coefficient, and we lose the algebraic Einstein
equation (39). However, since one of the gauge conditions
was (Vh,_ = 0, we gain additional gauge freedom, which
we can use to keep algebraic relation (39). That means
our £ > 2 results are directly applicable to £ =1 as well.
The only obstacle is that for the £ = 1 coefficient 7 = 0
and singular terms appear in the source for wave equa-
tion (41) and in the definition (51). We can deal with it by
introducing (97 = z0WP which, together with ()7,
fulfills a set of wave equations,

(Hp?

N 7
r(-0+22V5,) —5+ V17\)/IGf( W, =08, (59)

(OgP . . N
L 2Vl = U85, (60)

r(=0+ VfM)

where VZ,, V7 .., and (037, are defined in (42), (44), and
(53). For ¢ = 1, the system is simpler—there is no coupling
to the gravitational master scalar in (60). Now, scalar
sources for both equations are regular for £ = 1. Metric
and electromagnetic tensor perturbations are then given by

Ony . = rat,lq>7’+ 8 Lols
200, (OGP (i
—— =7t (P )y, 61
oA 212 it (61)
: A/ A
0] NpP " 9 (P 1 2 ()P
hy,y=—rd,, 0 — 540/ +2A IpP -

20 (0P (
- RO pP
r(rA/-2A+2)a’ 1 2A Vit W7+,

(62)
. A-1
Oy, = —Ad, <D’P+—<><1>7’
20A

- = (P )y 63
Pa Ay T (6

by A 04, e s O
Of110=70,097 =2 0,007+ =500+ 02y, (64)
(0, g =~ 0,097 = 2 5 0P 4 i, (65)
1r0 4A t 1 2rA

Since there is no (i)S?_ source term, Vo, g, Wy, (),
and (x; for # = 1 are given by

(i)a] _ 72A2 1 rr ( >SIGtt + ZA(I)S?-"- (66)
(rA’ —24A+2) ’
; rd, Vo
0y = P0s7, + LI (67)
4 rd,Da; + Do, gy (rA! 42
(y, = A L_ 1(2A2 ) . (68)
4 P
(k; = 5(!)51]"1” (69)
4 " om
0, = o, (70)

Although direct implementation of previous results pro-
vides a general solution to £ =1 equations, it can be
misleading; it looks like there are two dynamical variables,
whereas there should be only one [7] (for the Schwarzschild
case £ =1, gravitational modes are pure gauge [22]).
However, by the following gauge transformation, one can

get rid of 7 from (75)~(79),

(Z)CI t— _at(i)z:] 0> (71)
: 20 ,
(l)é:l r = rl ¢ 8r(l)é‘l 0 (72)
. r,.
Ve __(l>q)}’, (73)

and the solution reads

. 2A%Q Nep  TA & A
Op, ,,=—— "= 5 OPP 9P (0P
1t r(rA/ 2A+2) 1 2 MGI1 1
+ A0, + rA¥ST, (74)
4 200 an
i, —_ ! (P 4 (i 7
1tr F(FA,—2A+2) 1+ ap, (5)
. 20 r o
/PN — )] [ N LT T
I A —2A 1) 1 Taa e
(76)
A 20A
Op, , =—— =2 PP 4 20 77
R iy s e A CO
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. A N oA .

Of 19 = Z@,W‘I’? + 04, (78)
(0 Lo owP o )

f1r0= Ha’ Wi+ Yk, (79)

The cost of performing this transformation is the loss of
algebraic relation (39). From our results, one can also move
to a gauge used by some authors (Refs. [6,7]) in
which On,, = 0.

C. Polar sector, £=0
In this case, we follow Rostworowski [18]. Using gauge
freedom, we set n,, =0 and hy,_o, and leftover
nonzero variables are (p,,,, <'>h0 ., and f, . From
OE, o1, DEy oo + A2DE, 11, and ()], (the only indepen-
dent equations), we have, respectively,

A .
7af(l)h0 = <1)S(();tr’ (80)

A , 0, (i)5G ‘

0, <A“>ho - TO> = 04 A0SE,. (81)

i Q (“n i i
at(”fowﬁ ( 0t ARy, ) ) = -AUSY,. (82)

These equations can be therefore integrated directly,
starting from (80).

D. Axial sector, £ > 2

First, we use (37) to obtain

i atfﬂ(/)
(1) —__ o
i 6rf9(/)
(i) A

We are left with three variables h, .4, hy,,, and
<i)ff€¢. In the same manner as before, we can fulfill
equations (35) and (36) by introducing two master scalar
variables (/@4 and ("W, which solve a system of two
coupled wave equations:

(i) A

r(-0+ Véf) L+ Vite S =058, (85)

o <f>q~;* ot s
r(=0+Vize) + Vi 07 =185 . (86)

Following the procedure described in the previous
section, we find three potentials and express h,¢, h,¢,
and fg, by master scalars and their derivatives:

VA — (A —3rA") +r512+1)72—Q2’ (87)
g AT
Vior =2, )

Dhypy = AD,(r0®2) + (g, (90)
Dy, = Zra,ﬁkp;f‘ + Oy, (91)

Of pgp = %f(f + 1)rOpA 4+ 05, (92)

Now, we invert the above relations for linear order and treat
the following expressions as definitions of ! CI)A and ( ‘I’“ffl
at the nonlinear order:

(r(0, " hpry =0, Vhgpy) =210 ht’mﬁ) 40" f”‘/'

(NpA—=
‘ (64 1)y 7?
(93)
(A — % (94)
e+ 1)

Finally, we find inhomogeneous functions (o, (ly,,
and ()5,

. 212 .

(g, = Lz 0SS, (95)

. 212

Oye =—=08% 4, (96)
s, =0, (97)

and scalar sources ('S4, and )35 ,,

(a @ Sf 8 Sfr )
86, = ? ? (98)

E. Axial sector, £=1

Since <">h,;9{/, does not appear for £ = 1, we can use
gauge freedom to set (I, r¢ = 0. From (37), we have

at(i)fl 0o

(@) =— 100
f] th 2 ’ ( )
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0, f )

(i>f1 rp — T )

(101)

Remaining equations contain ()7, 1 and f, o¢ only. From
OE) 5 = SF 4. we find

r On, 014 e

(102)
where 7(r) is some function of r. It is not arbitrary—from
DE; 4 = (8§, and source identity (34), we find = &,
C, being an arbitrary constant.

Let wus introduce <‘)‘I’f‘ such that (f, 0p =
W 4 5oy From (36), we find that (4! fulfills

an inhomogeneous (homogeneous at the linear level) wave
equation,

_ (A -
r(-0+ vy )—L =95, (103)
where
40% — PA + 27
Vi = 5 , (104)
- , 4AQ [t OSG  df
O34 = 2(1)51]"1¢ - —2‘/’ (105)

r

We note that at the linear level setting (/¥'=0
corresponds to the linearized Kerr-Newman metric.

VIII. SUMMARY

Nonlinear perturbation theory of the Reissner-Nordstrom
solution has not been present in the literature so far, and the
present article fills this gap. Basing on a systematic
approach to gravitational perturbations by Rostworowski
[18], we have shown that one can fulfill perturbative
Einstein-Maxwell equations at any perturbation order by
solving two inhomogeneous master wave equations at each
sector (cases £ =0, 1 needed special treatment). This
makes treatment of higher-order perturbations of
Reissner-Nordstrom clear and would be especially useful
for numerical purposes. To summarize, a complete order by
order algorithm of solving Einstein-Maxwell equations
within our formalism would be:

(1) Solve wave equations (40), (41), (85), and (86), and
calculate RW variables and electromagnetic tensor
components according to (45)—(49) and (90)—(92),

(2) Move to asymptotically flat gauge, and calculate
sources to Einstein-Maxwell equations (Appendix A),

(3) Construct sources to wave equations [Egs. (52), (53),
(98), and (99)], and move to the next order.

Applications of presented calculations possibly include
nonlinear studies on the strong cosmic censorship con-
jecture and on astrophysical systems, where electromag-
netic field is taken into account.
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APPENDIX A: SOURCES FOR
EINSTEIN-MAXWELL EQUATIONS

Let us fix index i and assume that we already know the
solution to Einstein-Maxwell equations (35)—(37) up to ith
order:

(A1)

i
g/w = Z Z (j)hfﬂw
j=1 7

(A2)

F/w = Z Z <j)ff;w'
j=1 7

Using this solution, we can calculate the Einstein tensor
G,,(9) and the energy-momentum tensor T, (7, F).
Although these tensors fulfill Einstein-Maxwell equations
up to order i, they contribute to the i + 1 (and higher)
perturbation equations. Finally, tensor and vector sources of
order i + 1 are given by

056, = [i 4 1)(=G,u(@) + 82T,u(3. ). (A3)

(H0SE, = [i + 1)(=V*(Gup) Fu) (A4)
where [k](...) denotes the kth-order expansion in € of a
given quantity.

Although in most cases expressions for the sources
(i+1)$G , and (+1)SC , are complicated, their construction
is a purely algebraic task and can be easily performed using
computer algebra.

APPENDIX B: GAUGE TRANSFORMATIONS

Under a gauge transformation x* — x* + X*, tensors
transform as #,, — 1, + Lxt,,. For X* = ()g#¢!, perturba-
tion functions of order i transform in the following way:

<i)hf;w - (i)hf;w + ‘c(f)gfgyy’ (Bl)

(i>ff;w - wff;w + ‘C("){nyy' (BZ)

The explicit form of these transformations in a polar
sector is
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mhﬁrt - (i)hftt + 28t<i)Cft - AA,(i)Cfr’ (BS)
. . . . Al
<l)hftr - <l)hftr + 8r<l)§ft + at(l)gfr - K <1)Cft7 (B4)
Dhgig = Ohpg+ 0,085 + O, (BS)
. . . Al
(l>hfrr - (l)hfrr + 28r(1)é’f49 + K (l)cfr’ <B6)
(i) (i) 2
hevg = Dhprg + 0,009 — =080 + W4, (B7)
Wp, 0, A ler / 0¢ g
t+ 7+ + - (f =+ 1) r2 ’ (BS)
g )hf— Cfé)v (B9)
. AQ
Of g = Of pig +— s, (B10)
0 Q
ferg = ffr9+ 0y, (B11)

i i Q g
()fftr_)()fftr—i_p(l)é:ftv (Blz)
r
(i o, (2 Q 50
Feir = Uforr+ 0 Cs, 240 St (B13)
and in the axial sector is
(i>hft¢ - mhﬁtqﬁ + at(i)Cf¢a (B14)
() 0 Cffﬁ
herg = Ohgry + 0,084 —2 (B15)
<i)hft9¢ - (i>hf9¢ + g ‘¢ (B16)
(i)fftgb - (i>fft¢7 (B17)
(i>ffr¢ - (i>fzf’r(/)’ (Blg)
(i)fm/; - (i>ff9¢~ (319)
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A number of authors provided arguments that a rotating gravastar is a good candidate for a source of the
Kerr metric. These arguments were based on the second order perturbation analysis. In the following paper,
we construct a perturbative solution of the rotating gravastar up to the third perturbation order and show that
once we demand finiteness of the Kretschmann scalar expansion, it cannot be continuously matched with

the Kerr spacetime.

DOI: 10.1103/PhysRevD.104.084041

I. INTRODUCTION

Gravastars, proposed by Mazur and Mottola [1] as an
alternative to black holes, have been studied extensively in
the recent years [2-9]. One of the issues concerning
gravastars is to find a rotating gravastar solution. So far
only perturbative versions of such a solution exist [10—12].
These studies indicate that in the ultracompact limit [13] the
rotating gravastar can be a source of the Kerr metric (i.e., I,
Love, Q numbers tend to those of Kerr in this limit). Similar
perturbation-type sources (thin shells) of the Kerr metric
were studied earlier by, e.g., [14-16]. On the other hand,
constructing perturbation sources of the Kerr metric have
been criticized by Krasinski [17].

In this work, we take perturbation approach to check if
the matching of the gravastar with the Kerr spacetime
survives at higher orders. It means that we want to construct
a rotating analogue of [13] with the Kerr spacetime outside.
We use slightly different framework to [10—12] and instead
of solving Einstein equations both for interior and exterior,
we a priori assume that an exterior solution is the Kerr
metric. Then we seek for an interior solution and try to
match it with the Kerr metric.

Most of the work on rotating gravastars was based on
Hartle’s structure equations [18] (see also [19-21]). Hartle’s
framework allows to study slowly rotating perfect fluid
objects up to the second order in the angular momentum. To
go beyond the second order, we find it easier to follow
Rostworowski [22], who provided a nonlinear extension of
Regge-Wheeler and Zerilli formalisms. Formalism given by
[22] is dedicated to (A-) vacuum spacetimes and can be
easily adapted to our needs. The difference between Hartle’s
framework and our approach is only on the level of ansatz on
metric perturbation form and they are physically equivalent
within the range of applicability of Hartle’s framework.

“mieszko.rutkowski @ doctoral.uj.edu.pl

2470-0010/2021/104(8)/084041(10)
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We find that [22] provides a very powerful tool for dealing
with nonlinear perturbations. Although in the present article
we describe perturbation analysis only up to the third order,
we solved Einstein equations up to the sixth order to
calculate the Kretschmann scalar and we think it’s possible
to go further if needed.

The paper is organized as follows: in Secs. II-IV we
provide preliminaries, in Sec. V we discuss the matching, in
Sec. VI we expand the Kerr metric, in Secs. VII and VIII we
solve interior Einstein equations and try to match interior
and exterior metrics and in Sec. IX we summarize and
discuss our calculations.

II. BACKGROUND SOLUTION

As a background, we take the ultracompact gravastar
model [13]. In static coordinates (z, r, u, ¢), where
u = cos @, its metric is given by:

2

1 d
——dr? + ’2<1 (- uz)dfﬂz),
—u

h(r)

g=f(r)de* +
(1)

where

f<r>—{%1(l_ﬁ> =g o)

—% r>R,
P r<R
a2 = 3
= ()
1—7 r>R.

An induced metric is continuous across the (null) matching
surface r = 2M. There is a nonzero stress-energy tensor
induced on this shell, see [13] for the details. The exterior
metric is a solution to vacuum Einstein equations and the
interior metric is a solution to Einstein equations with a

© 2021 American Physical Society
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cosmological constant A = ﬁ. Both interior and exterior
metrics are singular at » = 2M. To keep them regular, also
in higher perturbation orders, we use Eddington—
Finkelstein (EF) coordinates (v, r, u, ¢). Interior metric
in EF coordinates reads:

1 2
g=- (1 r—)dvz +drdv

4\ am?
d 2

+r2(1 " 2+(1—u2)dg02). (4)
—Uu

and exterior metric in EF coordinates reads:

2M du?
g= (1—>dv2+2drdv+r2<] ! 2+(1—u2)d¢2>.
r

(5)
III. POLAR EXPANSION

In a spherically symmetric background, in 3 + 1 dimen-
sions, vector and tensor components split into two sectors:
polar and axial (for the details see e.g., [23-27]).
Symmetric tensors have 7 polar and 3 axial components.
Below we list the expansion of the components of sym-
metric tensors in axial symmetry (P, denotes the ¢th
Legendre polynomial). In the polar sector we have:

Sap(riu) = Seap(r)Pe(u),  a,b=wv,r, (6)

1 ) Spp(r.u)
E <(1 —u )Suu(r’ u) _m>
=D Se_(N(=£(£ +1)

27

Py(u) +2ud, Py(u)). (9)

In the axial sector we have:

Saqo(r’ u) = Zsfuql(r)(_l + uz)aupf(u)’

1<z

a=wu,r,

(10)

Sup(rou) = Seug(N)E(€ + 1P (u) = 2ud,P(u)).

=7
(11)

IV. METRIC PERTURBATIONS

We assume that there exists an exact, stationary and
axially symmetric solution to Einstein equations, which we
expand into series in a parameter a (which will be an
angular momentum per unit mass of a an exterior metric)
around the static metric (2):

0<¢ _ >al
9w = 9w + Z F< )h;w (12)
Sa(ru) = = _Sea(NOuPe(w).  a=uv.r. (7)
1<¢
(o) After perturbation expansion we polar—expand metric
1 Sy u rturbations according to (6)—(11). Thus, apart from the
i PP _ p pe g > ap
2 <( ) Sua(r ) + (1- u2)> ;Sﬁ(r) o), perturbation index i, all perturbations gain an index ¢
B corresponding to the #th Legendre polynomial.
(8) For axial perturbations we take:
|
0 0 0 Dhp(r) (=1 + u?)0,Py(u)
<i)h/ — 0 0 0 <i)hefr(p(r)(_1 + uz)aupf(u) (13)
0 0 0 0
Ohpny(r)(=1+ u?)0,Pr(u)  Dhgpy(r)(=1+ u?)0,Ps(u) 0 0

Using the gauge freedom, we set <")hfu,,,(r) = 0, what corresponds to the Regge-Wheeler (RW) gauge.
For the polar perturbations we take:

(i)hfw(r)Pf(u) (i)hfvr(r)Pf(u) 0 0
o, — | e IPAW) O ()Pew) 0 0 - (14)
0 0 Ohy. (r) 2 0
0 0 0 Oy (r)(1 = u?)Py(u)

084041-2
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Using the gauge freedom, we set (h,,, = Dh,,, =
(h,_ =0, what also corresponds to the RW gauge.
Note that in [18] there are no (), and (h,,,, coefficients
in the metric ansatz. This fact arises from the fact that
Hartle uses static coordinates. For EF coordinates in the
background both (V,,, and V,,,, turn out to be nonzero in
most cases.

In the interior, we solve perturbation Einstein equations
with a cosmological constant A = ﬁ. For a given order i
and a given multipole #, they have the following form:

4 3
5(')Gf,w 4 (l)hf/w =

o e =00 (19)

where 5<")Gfﬂ,, denotes the components of the Einstein
tensor expansion built of metric perturbations of order i.
<")Sﬂ,, denotes a source for the ith order Einstein equations
consisting of metric perturbations of orders lower that i. We
provide an explicit form of Egs. (15) in the Appendix A.

V. MATCHING INTERIOR WITH EXTERIOR

‘We match the exterior metric with the interior metric on a
three-dimensional hypersurface located at r* = rf, where
|

(A Atgir!

(U) +A%gu F'(U)

“+” and “—” stand for exterior and interior, respectively.
From the first Israel junction condition ([28,29]) we
demand the continuity of the induced metric at the match-
ing hypersurface:

([8as]] = O, (16)

where [[E]| = E*(r}) — E~(r},). Following [11], we intro-
duce intrinsic coordinates on the three-dimensional hyper-
surface: y* = (V,U,®). Then we express interior and
exterior coordinates x™ on a hypersurface in terms of y“:

x‘”|,; =(A"V,r,(U),F(U),®), (17)
x+”|rb+ =AYV, rf(U),FT(U),®), (18)
where 7 (U) =2M + &7 (U) + O(a*), F*(U) = U+
L5 (U) + O(a*). We expand 7 into 7*(U) = 55+

1y P>(U).
The metric induced on this hypersurface is given by:

Atgy,

Gy = | AGury (U) +AZgn ¥/ (U) (F¥'(U)) g+ (ry (U)) g + 2F (U) 1 (U) g F='(U) g + 13" (U) g

Atg,

Using the freedom of choice of coordinates V, U, ®, we set
Ft(U)=U and A" =1 (see, e.g., [10]). For simplicity,
we denote A™ = A.

The location of the matching hypersurface is not known

a priori and n*(U) and 1= (U) are unknown functions that
need to be found. Our procedure of matching interior and
exterior metrics for a given perturbation order is the
following:

(1) We solve perturbation Einstein equations for the
interior. These solutions contain two constants per £
in every perturbation order, but most of these
constants need to be set to zero to keep the
Kretschmann scalar expansion regular at r =0
and r = 2M. However, this is not straightforward
to apply, because in our case the singularities in the
expansion of the Kretschmann scalar occur in higher
perturbation orders than the singularities of the
metric itself (in the opposition to the exterior case,
e.g., Raposo et al. [30]). Therefore, to settle con-
stants in the third order, we solved Einstein equa-
tions up to the sixth perturbation order to study

F¥(U)ge, +riy'(U)gs, 9%,

(19)

behavior of the Kretschmann scalar. Since these
expressions are too long to be listed in this paper, we
make them available in the Mathematica note-
book [31].

(2) We act with the general gauge transformation on the
interior metric, and then we solve matching con-
ditions (16) for constants arising from Finstein
equations, for =(U), A(U), and for gauge compo-
nents. Finding a proper gauge is a part of the
matching problem and using the result of Bruni
et al. [32], we are able to control the impact of the
gauge from the lower perturbation order on the
metric functions in the higher perturbation order.

(3) If the matching is successful, we go to the higher
perturbation order.

The second junction condition tells about the energy
content of the matching hypersurface—already in the
background solution there is a thin shell located at r =
2M (since this is a null hypersurface, second junction
condition needs to be modified, see [29,13] for the details).
However, in the next sections we show that even the first
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junction condition is not possible to fulfill, therefore we do VI. KERR METRIC EXPANSION
not find it necessary to discuss second junction condition

at all As an exterior metric, we take the Kerr solution. In the

advanced EF coordinates it reads:
|

2Mr a’u® +r?
2 __ 2
dS ——<l—m>d1} +2d1)dr+ﬁ

—u

2a°Mr(1 — u?)

2 2
du*+ (1 —u )( e

+a*+ r2>dcp2
4aMr(l — u?
_~_¥

pep—— dvdep +2a(1 — u?)drde.

(20)

Since we solve the interior equations in RW gauge, we prefer to use the Kerr metric in RW gauge as well. To do this, we
expand (20) into series in a up to the 3rd order, and then act with the gauge transformations (B1)—(B3) to move to the RW
gauge. Finally, we obtain:

5

45— _((1 _2_M> _a’M(u*(6M? = Mr —3r*) = 2M* + Mr + rz)>dv2
r

r

2a°M(1 - 31 2
—i—(M)dﬂ—%(l S

a*MQ3u? —1)(2M + r))du2

r —u r(u?—1)
M(u? - 1)(3u? - 1)(2M
+ (rz(l—uz)—i-a (u” = 1)( u2 J@M + 1) dg?
r
M(3u®> - 1) (M SM(1 = u?)(5u®> —1)(9M + 5
+2<1+a Bu” = 1)( +r)>dvdr+2<a (1= w))u” — M + r)>drd<p
r 5r
2aM(1 — u? SM(u? — 1) (M?*(6u? —2) + M(r — 5ru? 2(1 = 5u?
+2<a ( u)_a (” )( (” )+5 (r r”)+r( u)))dvd(p+(9(a4), (21)
r
For simplicity, we omit “+” and “—” coordinate superscripts and use them only when it is necessary to differentiate the

interior from the exterior. We expand (21) into series in a. Below we list nonzero components of this expansion after the
polar decomposition.

Mpt — _2M
lvg r’ (2)h+ _ _4M(2M + 1)
) o e
Ove — 3,4 3
r Gyt — 24M
@p+  — AMOM? —Mr—3r) lop = 595 > (22)
200 — 39 > Opt — 4M(=6M> +5Mr+5r%)
Qpt — AM(M +r) 3vg 5r° ’
2ur " Opt —_ 4M(9M + 5r)
Npt — _8M 3rg 5r7
2rr 3
|
where Qq; and I1;; are arbitrary constants. We set I1;; =0

VII. INTERIOR SOLUTION
A. The first order

1. Axial ¢ =1
For # = 1 there is no h,,, component and we can use the
remaining gauge freedom to set mhfw = 0. Linearized
Einstein equation are homogeneous (A1)—(A3) and yield:

IT
(l)hl_v(p = SEllr2 =+ % (23)

to make the Kretschmann scalar expansion regular atr = 0,
therefore we are left with <1)hl‘w = Q7. It turns out that
this solution is a pure gauge, but we will discuss it later.

B. The second order

1. Polar ¢ =0

For £ = 0O there are no h_, h,,, h,, components in the
polar decomposition and we have an additional gauge
freedom, which we use to set Phg,,, Phy. to zero.
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The only nonzero variables left are Phy,, and ®hg,,.
Solution to Einstein equations (A4)—-(A10) with £ = 0 and
with sources (A13)—-(A15) reads:

4’”29%1 _ 020(”2 - 4M2) dyo

@ps = - 24

Ovv 3 64M4 + r ’ ( )
_ c

®hg,, = #_72401‘/[2 (25)

where ¢,y and d, are arbitrary constants. This solution is
singular at »r =0 and r=2M. To avoid singularity
in the Kretschmann scalar expansion at r=0, we
set dpy = 0. Singularity at r =2M can be removed
using a transformation generated by a gauge vector
@g, (D, :<fzo((r2—4M2>6?;1;3“(ﬁ)HMr)’ (2)§0r:¢'20m§;(ﬁ)

@0, =0, (2>§0(,, = 0), what yields:

s

_ 4}’292 Cho
Dhoy, = 3 ; 16M%°

(26)

o dy (3(r* = 4M?)?coth™ (24) + 2M r(5r% — 12M?))

(Z)haw =0, (27)
Oh;,, =0, (28)
=, — 07
h0+ = 4M2 : (29)
2. Polar ¢ =2

Solution to Einstein equations (A4)-(A10) with £ =2
and with sources (A16)—(A19) reads:

(P-4, 4

2>h2m; = 128M4 2)thr - g rzg%l ’ (30)
- 1 r? _

2h2Lr 4 <1 W) 2thr’ (31)

@3, =

. (32)

16M*13 32M3 3 (r? — 4M?)?
o Cp(AMP+77)  dyp(3M(4M* + r?)coth™! (24) — 2r(3M? + 1?))
( )h2+ == 6 6 L ’ (33)
128M°r 256M°r

where c¢,, and d,, are arbitrary constants. To avoid
singularity in the Kretschmann scalar expansion at r =0
and r = 2M we need to set ¢,y = 0, dy, = 0, what yields:

C. The third order

1. Axial ¢ =1
The solution to Einstein equations (A1)—-(A3) with £ = 1

4 reads:
<2)h51)1/‘ == § rzg%l ’ (34)
I
(3)h]_1;q) - 931}"2 + % . (38)
Py, = 0, (35)
To avoid singularity in the Kretschmann scalar expansion at
r =0, we set I13; = 0.
Oy, =0, (36)
2. Axial €=3
B Solution to Einstein equations (A1)—(A3) with Z =3
®hy, = 0. (37)  reads:
|
_ (rP=4Mm?) (=120M*r + 20M?r* + 60(4M> — M3 r*)coth™ () + 1)
(3)h3mp = TH% + 3 Qs3, (39)
) QM2 8M2(r(—120M4J_r20M2r2+r4) — 60M3coth=" (@))
(3)h3"<ﬂ = 2T i 2—aM> — Qs (40)
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where Q33 and Il55 are arbitrary constants. Singularities at
r =0 and r = 2M lead to the singularity in the Kretsch-
mann scalar expansion, therefore Q33 = 0, II33 = 0.

VIII. MATCHING
A. First order

Before matching, we act with the general gauge trans-
formation on the interior metric. Although we consider
stationary metrics, we take gauge vectors that depend on v
coordinate. It might happen that acting with gauge vectors
depending on v explicitly, we obtain metric independent of
v (we discuss such a case in Sec. IX). From the matching
conditions (16) we have:

O (2M)

log

= Uiy (2M) = =0, e, (v.2M),

(41)

To keep transformed metric v-independent, we use (B4)
and (B5) and obtain a condition:

(1)51{,; =qnor*+ (1)7/1(/)(r)1 (42)

where ¢;; is an arbitrary constant and y; is an arbitrary
function of r. From (41) we obtain:

|

Qll:_m+qll' (43)
|
APy + 208
@ng (2M) - A2, (2M) = =0 T
Ovv( ) Ovv( ) 2M3
Any + 215
Opt 2M) - A2@p; (M) =—2 _~12
2170( ) 2“,( ) 2M3
20y — ;A = AM*@y,, (2M), (51)
8(mo — 1o
[(Pho 2M)]] = ~ % + 84 (U) + 8M Py, (2M),
(52)
8(n; —m3)
[@hsy 2] =
+8MCly,, (2M) — 6P, (2M),  (53)

16UA(U) +8(1 = U2 (U)

[(@hyo-(2M)]] = Py, (2M) + 317

(54)

After plugging solutions to perturbation equations into
(49)—(54), we obtain:

B. Second order

We act with the most general second order gauge
transformation (B1)—(B2) on the interior metric. To keep
transformed metric v-indepedent, we use (B7)—-(B13) and
obtain conditions:

@)y, = =AM f g0 + (2)701)(”)7 (44)
@), = 8M2qagv + Py, (1), (45)
@y, = Py, (1), (46)
gy, = O (1), (47)
Py = Pyau(r), (48)

where ¢, is an arbitrary constant and (i)yf}, are functions
of r.
Matching conditions (16) yield:

16 5 A% )

+ 3 A“M 6111(‘111 2911)+2M 70@(2M)’ (49)
16 g (ars - 200 + A% ) (2M) (50)
3 q11\4911 11 M V20 )
|

AMU M M
o= = =M, (2M) = "= 4y = e =
1
—MBU = 1)y, (2M). (55)
M 1
;75 = —? - MZ(Z)}/ZU (ZM) + EM(2>J/2M(2M)’ (56)
M 2,MU 1
M 1
n = i ZM(Z%M(ZM), (58)
A=—1. (59)
3
/1([]) :ﬁ](UZ— 1)+§U(U2_ 1)(2)7/214(2M) (60)
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where 4, is an arbitrary constant. To keep 7 independent of @y, (2M) = 0 (67)
U, we have to set 1, = 0 and P)y,,(2M) = 0, what leads to: 2u '
M M
—_ = M2 — e — —
o M*Z0,(2M) g ‘20T g (61) C. Third order
M Again, we act with the most general third order gauge
- _ 22
= T3 M? )7/2'U(2M ): (62) transformation (B1)—(B3) on the interior metric. To keep
transformed metric v-indepedent, we use (B4)—(B6) and
LM obtain conditions:
My = — 6’ (63)
M (3)514; =gy riv+ (3)714;(")7 (68)
n = (64) 3) 3)
6 53(/) = 73(/,("), (69)
A=-1, (65) where g3, is an arbitrary constant and myfﬂ are functions of
r. Using (43) and (61)—(67), third order matching con-
A(U) =0, (66)  ditions (16) yield:
|
N 3(5¢50 + 8)
(3)h1+w(2M) - A(3>h1w(2M) = (20# +3c20q11 = 192M*qy 1450 + M?4(q31 — 123), (70)
3
®h3,,(2M) — AOhy, (2M) = T (71)
5M2(3)53.¢(2M) = 6(2)72r(2M)(4M21111 + 1) + 2(3M(2)72v(2M) + 1)(M(1)7/1¢(2M) - (1)71¢(2M))' (72)

Condition (72) can be fulfilled just by setting all the  That makes impossible to match interior with exterior in the
gauge components to zero. Setting &,, = 0 and plugging  third order.
(38)—(40) into (70), we obtain:

Ou =0 3UMPgy  1)(ex — 64M gn) IX. DISCUSSION AND SUMMARY
T gomt T 16M* '
(73) Although we found the matching impossible, it is
interesting to know what is the interior solution we
However, (71) does not have any free parameters and it  obtained. The regular interior solution up to the third order

cannot be fulfilled (we obtain contradiction —ﬁ =0). reads:
|

—%(1 —#) +a2(3§;;2+r2(1 —u2)§z%,) 1 0 Lar2(u? = 1)(6Qy; + a?Qs))
3 0 0 0
ds* = , P (74)
0 0 et SMZ(iU—uZ) 0
tar*(u? —1)(6Q; + a*Qs:) 0 0 (1 —u?) + 7“26205,521_'42)
It turns out that this is an exact solution to Einstein
) . Coor  Cop(rP —4M?) ey
equations—a gauge-transformed de Sitter space. To see  (2)z) — (_ 20 20 v,—2"_ 0, 0>, (76)
this, let us take the gauge vector with components: 16M> 128M* l6M?
g, = (0,0,0, °Qv), (75) ¢, = (0,0,0,0), (77)
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3cyr?Q
(3)51 = <07 07 05 (72913 - 6‘280;4211) U) ) (78)

(lgy = (0,0,0,0). (79)

Acting with those vectors on (74) (using formulas (B1)—
(B3), we obtain

r2
“i(t-ae) £ 00
1
ds? — 2 0 0 0 . (80)
2
0 0 £ 0
0 0 —r*(u? - 1)

what is exactly the background de Sitter metric, so all
perturbations we obtained are a pure gauge. One can ask, if
allowing for a change in the background density does not
affect this result, but the answer is no. We repeated the
calculation allowing for the perturbations of density and
pressure (within the equation of state p = —p), but they do
not change the conclusions.

We would also like to comment on a recent article [33]
that concerns the same problem as our work. Authors of
[33] use Hartle formalism to match the rotating gravastar
with the Kerr black hole up to the second perturbation
order. They succeed to do that (as we do in the second
order), but there are two main differences between our
approaches. The first difference is the choice of the
matching surface. We do not fix the matching surface
and we treat it as a variable to be found. Authors of [33] fix
the matching surface to be the horizon of the Kerr black
hole. It seems to be contradictory to our results, because we
do not have a freedom to perform matching on the horizon,
but there comes the second difference between our papers.
We dismiss solutions which produce singularities both at
r = 0 and at r = 2M, whereas authors of [33] allow for the
solutions which have a singularity at » = 0 in the second
perturbation order. Because of that, they have additional
freedom in the interior solution and they are able to match it
with Kerr on the horizon. The justification they make for
allowing such a singular solution is the possibility that the
singularity is not real, but it appears as an artefact of the
perturbative expansion. This argument touches the sensitive
point of the perturbative expansion. It may happen that a
function which is not singular at some point, in this case at
r = 0, has singular expansion coefficients when expanded
in the perturbation parameter (see Summary and Discussion
in [33]). Authors of [33] do not determine whether such a
scenario is the origin of the singularity they allow for. On
the other hand, we cannot exclude that the singular terms in

the Kretschmann scalar that we put to zero are such
artificial singularities. If this is the case and if we did
not set ¢,, = 0, we would be able to match solutions in the
third order. Unfortunately, this ambiguity seems to be an
inherent limitation of the perturbation theory.

To sum up, we made an attempt to match the ultra-
compact rotating gravastar with the Kerr metric using the
nonlinear perturbation theory. The solution we choose is a
general solution to the perturbation equations around a
static gravastar that does not produce the singularities in the
Kretschmann scalar expansion. Although the matching can
be performed up to the second order, in the third order it is
is no longer possible. What is more, the interior of the
ultracompact rotating gravastar is just the de Sitter metric.
Since some of the proposed sources of the Kerr metric are
based on the second perturbation order calculations, we
find it necessary to check if these results survive at the
higher perturbation orders.
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APPENDIX A: EINSTEIN EQUATIONS

Einstein equations (15) of order i divide into two parts:
the homogeneous part 6G,,, consisting of metric pertur-
bations of order i and sources <i)Sfﬂy consisting of metric
perturbations of orders j (j < i). These equations need to
be solved order by order: after solving Einstein equations
up to order i one can construct explicit form of i + 1 order
source.

1. Homogeneous part

In the axial sector in the RW gauge, there are two
nonzero variables: (Vh,,,, and Wh,,, (for simplicity, we
omit i and ¢ indices in formulas (A1)-(A10)).
Homogeneous part of Einstein equations reads (where

: _ 3 .
we introduce E,, = 6G,, + 537 hy):

2ilPE,, = (2f + (¢ + 1) = 2)h,, — P fh,. (Al)
20\72E,, = 2P Ry~ 4y, + (£(£+1)=2)h,,,  (A2)
2'E,, = fhly + 21y, + f'hy,. (A3)

In the polar sector in the RW gauge, there are four
nonzero variables:  h,,,,  Ohg,,  Ohg.,., Oh,..
Homogeneous part of Einstein equations reads:
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8ilr*E,, = 213 h., + 823N, — 2f2rP W + 4fr?(2rf +2f + (¢ + 1))h,,
+ fQRrf + (€ + 1) =2)hy + fr2f — rf W, + f2r2(4rf +2f + £(€ + 1))h,,

+4r2(2f + £(¢ +1))h,, + 8fr°H,,.

AVPE,, = 22PN, + (=2rf = £(€ + 1) + )b, — frR(4rf +2f + £(£ + 1))h,,
— 2241 ]+ Af + £(6 + V)hy, + r(rf = 20)I, = 8FrH,, +2f 1]

- 8r°h,, — 8r°h,,,

20V E,, = rP2rf' + £(€ + 1)) h,, + 2f k., + 873N, — 2r*h'| + 4rh', — 4h,,

Zl'Ebu = hvrf/ =+ fhlvr =+ 2h/vv’

4i\PE,, = r*(rf' +2f)h,, — 4K, + 8r%h,, — 2rh', +4h_,

4VPE, = —4r2@4rf +Af + (€ + 1) = 8)hy, — FP(rf + 20 . = 4853 (rf' + 2f)I,
+2r(rf" = 2f ), A+ 4(f = rf )by = P2 (4f* + f(6rf + £(€ + 1) =4) + 2 f?)h,,

+2fr* ] — 8r*h), — 16r°h,

A\E_ = fh,, + 4h,,.

2. Sources

Below we list the nonzero components of sources for
Einstein equations. Sources for the ith order perturbation
equations can be found in the following way (see, e.g.,
appendix A of [34]). Let us assume that we already know
the solution to perturbation Einstein equations up to the ith
order (it consists of metric perturbations mhm with j < i):

_ B ! . al
9w = 9w +Zz<j)hf;w7' (All)
=7 '

Using this solution we can calculate the Einstein tensor
G, (), which satisfies the ith order perturbation equations
and contributes to the i 4+ 1th (and higher) order perturba-
tion equations. Finally, the source of the order i+ 1 is
given by:

(418,,, = [i + 1)(=G,u (7). (A12)
where [k] (- - ) denotes the kth order expansion of a given
quantity. Although in most cases expressions for the
sources (i+1)Sﬂ,, are complicated, their construction is a
purely algebraic task and can be easily performed using
computer algebra. Below we list nonzero components of ith
order sources in terms of explicit solutions (j)h,w found for
lower orders.

VU

(A4)
(AS)
(A6)
(A7)
(AB)
(A9)
(A10)
The source for the second order:

2 r 2
@Sy,, = 4(1 - W) Q3 (A13)
@S, = —8Q7, (A14)
@Sy, = —16Q73,, (A15)

2 r 2

( )521;11 = <W - S)QH’ (A16)
(2>S2vr = 89%1’ (A17)
s, = 8 Q2 Al8
20u — gr 11° ( )
2)s,, = 16r2Q3,. (A19)

The sources for the third order are zero.

APPENDIX B: GAUGE TRANSFORMATIONS

Consider a gauge transformation induced by a gauge
vector £ = > 2% (D€, According to [32], metric perturba-
tions transform in the following way:

Whyy, = Ohy, + £0):,- (B1)
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@hy = Phy, + (£ + £ﬁ>§)§,w +2£0,Wh,,.  (B2)

(3)}1/41/ ad (3)]1”1, + (£(31)§ + 3£(1)§£(2)§ + £(3)§)§/A1/
+ 3(£<21>§ + £<2>§)(l)hﬂv + 3£(”«f(2>hﬂw (B3)

where £<i)5 denotes a Lie derivative with respect to mf.

An explicit form of (B1)-(B3) for a gauge vector of order
i acting on a metric components of order i reads (for clarity,
we omit / indices, dots and primes correspond to derivatives
with respect to v and r, respectively):

hfv(/; - hfv(p - é{p’ (B4)
2¢

hfr(p - hfr(p+7(p_ :/1’ (BS)

hfu(/) - hfu(/) + élﬂ’ (B6)

hows = oo =3 (P& + 2807 +28,, (BY)

howw = oo 45 FE+E+E, (BY)

here = hepr + 28, (B9)

hes = hoy +20fE = €(6 +1)E, + 418, (BLO)
heo = he =&y, (B11)

heww = hev = & = &u (B12)

herg = hery = &0 + %fu =& (B13)
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